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1 Introduction

This essay is concerned with sets which do not contain triples of the form {(z,y), (x + d,y), (z,y + d)}
for z,y,d € G for some abelian group G. We call such a triple a corner. The corner is non-trivial if
d # 0. The main question is as follows.

Question 1. What is the maximum size r_(G) of a set A C G x G containing no non-trivial corner?

Erdds and Graham [14] first asked the similar question with corners replaced by squares, conjecturing
that a square-free set in Z/NZ x Z/NZ must have vanishingly small density as N — oco. Ajtai and
Szemerédi [1], unable to answer this question, proved the corresponding conjecture for corner-free sets.
The motivation of Erdds and Graham was to find a higher dimensional analog to arithmetic progressions
of length three after the following question had seen much progress by Roth [28].

Question 2. What is the maximum size r;(G) of a set A C G containing no k-term arithmetic progres-
sion?

Roth proved that r3(Z/NZ) < N/loglog N using a Fourier analytic argument. There was hope that the
argument could be extended to longer arithmetic progressions and to higher dimensions, but all attempts
were thwarted. Eventually, Szemerédi [32] proved his much celebrated theorem that ry(Z/NZ) = o(N),
which was then extended to higher dimensions using ergodic theory by Furstenberg and Katznelson [15].
However all these proofs were basically ineffective, yielding no sensible bound on the rate at which the
density goes to 0. The bounds became reasonable and the relationship to Fourier analyis clarified only
after the groundbreaking work of Gowers introducing higher order Fourier analysis [16]. In this regard,
k-term arithmetic progressions belong to the realm of k — 2 order Fourier analysis, squares to second
order Fourier analysis, and corners to usual first order Fourier analysis. This justifies seeing corners as
“3.5-term arithmetic progressions” and motivates Fourier analytic approaches to upper bounding r_(G).
This is exactly what Shkredov [29] did, by heavily adapting Roth’s original proof for 3-term arithmetic
progressions to corners.

Questions 1 and 2 were first asked for subsets of {1,...,N}. Up to a constant factor, this is the same
as considering G = Z/NZ. We call this the integer case. Perhaps surprisingly, those questions are
much more easily answered when G = [y, a finite dimensional vector space over the finite field with p
elements. We call this the finite field case. The main reason for this simplification is that Fj) has many
subspaces which look the same as itself, meaning that we can run iterative arguments that “zoom in” on
subspaces. From this point of view, Z/NZ is a rather generic group, and indeed our arguments in the
integer case will work just as well for any finite abelian group G.

Conversely, the finite field case informs the integer case through an idea of Bourgain [7]: If we can’t
find many subspaces, maybe we can instead find many “approximate subspaces”. These approximate
subspaces are not closed under addition anymore, but only closed under addition of “small elements”.
With this in mind, one can attempt to replace every subspace appearing in a finite field case proof by
an “approximate subspace” and more often than not this will yield an integer case proof. The cost is
mostly paid in clarity as replacing algebraic objects by analytic objects induces a technical overhead.

More recently, links were found between sets avoiding some additive structure, like arithmetic progres-
sions or corners, and communication complexity. In the Number On the Forehead (NOF) model, k
participants want to compute F'(z1,...,x,) where F': X7 x -+ x X — {0,1} with the least amount of
communication, where participant ¢ knows x; for all j # 7. Large corner-free sets in 5 x 5 translate
to efficient communication protocols for the NOF model when F(x1,z2,23) = 1z 4aota5—0. Lhis mo-
tivated a series of improvements on large corner-free sets constructions, with the state of the art being
Christandl, Fawzi, Ta, Zuiddam [9].

The general paradigm for finding large corner-free sets in Fj x F) is to first construct large corner-
free sets in F)' x F* for some small fixed m and then use the supermultiplicativity of corner-free sets
(r_(G1 x G3) > r_(Gy) x r_(G2)). Christandl, Fawzi, Ta, Zuiddam [9] used a tool from algebraic
complexity theory to reduce the construction of those large corner-free sets in Fj' x FJ* to an integer
linear programming problem, making it tractable to computer optimisation.

The essay is structured as follows: Section 2 sets up basic notation. Section 3 quickly proves a non-trivial
upper bound on r3(F}) due to Meshulam [20] and explains what breaks when naively applying the same
method to corners. Section 4 patches the breakage using Shkredov’s ideas to upper-bound corner-free
sets in the finite field case. We will then describe in Section 5 how to extend the argument to the integer



case. Finally, Section 6 explains the integer linear the recent lower bound on 7_(F};) due to Christandl,
Fawzi, Ta, Zuiddam [9].

2 Notation and basic definitions

Let’s agree on some notation first.

Throughout this essay, p will be a fixed prime. F, will be the finite field with p elements. We will use
[y as a placeholder for a vector field of dimension n over F,. We write [n] = {1,...,n}. G will be
an ambient finite abelian group fixed by the context and N = |G| will be its cardinality. Asymptotic
statements will be taken as N — oo.

We denote G the Pontryagin dual of GG, namely the set of group homomorphisms from G to C*,
the unit complex numbers. We use the compact normalisation on physical space G and the discrete
normalisation on Fourier space G. As such, the convolution and difference convolution of two
functions f,g : G — C are

v B f @) (@)

For ease of notation, we will identify sets and their characteristic functions. For a set A,

Ax) = 1 foGA
0 ifz¢A

As we use the compact normalisation on physical space, we will talk much more about the density of
sets rather than their cardinality. For two sets A, B, we define

op(A) =46(A) = [An B[/ |B|

Define the balanced function of A as
fa=A-45(4)

Here is a list of facts we will use repeatedly.

fxg=1fg
fog=173g

> Fw)aw) =K, f@)g(e) (Plancherel)
v
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A set A is e-uniform if ’ﬁ(w)‘ < ¢ for all ¢ # 0. This is equivalent to HEH <e.

For a fixed natural number k, we call a set of the form {a,...,a+ (k—1)d} an arithmetic progression
of length &, and denote these by kAP. Similarly to corners, we call a kAP non-trivial if d # 0.

3 Arithmetic progressions of length 3

This section sketches the proof of Meshulam’s theorem [26], which is a finite field version of Roth’s
celebrated theorem.

Theorem 3.1 (Meshulam, 1995). Let A C G = F} be a set containing no non-trivial arithmetic
progression of length 3. Then
|A| < N/log N

Two examples of a set A are instructive to consider:

e A = H is a subspace of Fj. Then any a,b € H can be completed to a 3AP a,b,c in H since
c=2b—a€H.

e A = R is a set of density « picked uniformly at random. Then any element a lies in R with
probability a, so any 3AP a,b,c lies in R with probability roughly o®. Summing over all |G|2
3APs, the expectation of 3APs in R is o3 |G|*. Of these, o |G| 3APs are trivial. Hence we have a
non-trivial 3AP unless o |G|> < « |G|, namely |G| < a2

These two cases are very different in nature, so the hope is that we can push any set A towards one of
the two extremes. The key idea is that of a density increment. Either:

1. Ais “random”, ie it contains the same number of 3APs as a random set of the same density. Then
either:

e A contains a non-trivial 3AP.
e G is very small (|G| < a™2).
2. There is a coset C' of some subspace V of codimension 1 such that A is significantly denser on C

than it was on G.

Simply put, every time our set displays some structure, we “zoom in” on that structure and see the same
picture as before but with a denser set. The density increment acts as a ticking clock: Since the density
is bounded above by 1 and the density increeases by some fixed positive quantity €, we can’t zoom in
more than =1 times.

Let us prove one of the key steps: that a set is either random or has an uneven distribution along some
subspace V. We already said we measured randomness of A as the number of 3APs in A compared to
the expected number of 3APs of a random set of the same size. We will measure even distribution along
cosets using the Fourier transform: If ¢» # 0 and

[Aw)| =

[E Ay ()

is big, then the contributions of the different cosets of (t)* to the expectation must be unequal, from
which one can derive the density increment.

Lemma 3.2. [Randomness-structure dichotomy for 3APs] If A C F)) is of density o and ’A\(t)’ < ¢ for
all 1 # 0, then the number of 3APs in A is (a® + o(1)) |G/*.

Proof. Write
T = [F A - A@) Al +d) = (Ax A 1pa) = (A1)
z,d

the normalised number of 3APs in A. We calculate

’Tg — 043‘ = Z A\('(/))ng.A(w) < sup la. () Z ‘A\(w)r <e HEHQ = ea?
$h#£0 »#0 Z 2



4 Shkredov’s upper bound on corners

In this section, we prove an analog of Shkredov’s upper bound in the case G = F); following Ben Green’s
exposition [18].

Theorem 4.1 (Shkredov). If A C F7xF" contains no non-trivial corners, then |A| < N?/(loglog N)'/20.

One might hope that the same density increment strategy as for 3APs could work for corners. Unfortu-
nately, we encounted a major hurdle: corners break our existing randomness-structure dichotomy.

Example 4.2. Consider a set £ C )} of density \/a > 0 picked uniformly at random. Then A := Ex E
has density a in Fj) x F and its expected number of corners is

> P(@+dy), (,y),(x,y+d) e ExE) =Y Pla,y,x+d,y+d € E) ~a’N®

z,y,d z,y,d

In comparison, the expected number of corners in a random set A € ) x F}} of density « is

> P((@+d,y), (@,y), (z,y +d) € A) ~ a®N?
z,y,d

Namely, there are sets A which are neither structured (in the sense that there is some subspace H of
such that A is denser on H x H) nor random (in the sense that A has the expected number of corners).

However we remark two features of the troublesome set A:

e A contains around o?N* rectangles, which is more than the expected a?N?.

should use some “rectangle-aware” norm.

This suggests we

e A= F x E does have increased density on some product set, namely E x E itself. This suggests
we will have to be a bit looser in our definition of “structured”.

To address the first point, we make the following definition.

Definition 4.3. For a set S = F; x F», the rectangle norm of a function f:.S — R is given by

5= J&  f@yfey) @)y

z,x'€E1,y,y' €E2

N* ||A||é is the number of rectangles contained in A, hence || f4 Hé is a measure of how closely the number
of rectangles in A is close to its expectation. The rectangle norm is a norm, but we won’t need that fact.

To address the second point, one idea would be to call any product set F; x E5 structured. However
this is too loose. || f AHE being small on an arbitrary product set doesn’t imply that A has many corners,
namely we can’t establish what Green [18] and Tao call a generalised von Neumann theorem for such a
wide class of structured sets.

We need a middle ground between the too sparse class of products of subspaces and too large class of
products of arbitrary sets. Shkredov’s insight is that this middle ground can be taken as the class of
products of adequately uniform sets. The uniformity we impose depends on the density a of A. This is
in notable contrast to the 3AP story where structured sets are the same regardless of a.

Definition 4.4. For a > 0, a set S is a-structured of codimension d and density [ if there exists
a subspace H < FJ! such that codim H = d, 6 (S) = 8 and S = E; x Ej for some 273! *-uniform
subsets E1, F5 of H.

In what follows, we will not abbreviate “a-structured” to “structured” in order to draw the distinction
between the informal idea of structure and its formal incarnation relevant specifically to corners.

Let’s now state the randomness-structure dichotomy and apply it to get Theorem 4.1. We relegate its
proof to the three subsections.



Proposition 4.5 (Randomness-structure dichotomy for corners). Let S be an a-structured set of codi-
mension d and density 5. Suppose that A C S has density a. Then either

o [[falll <2780 and A contains at least a®32N?3/2 corners.

° ||fA||E > 278010 and there exists an a-structured set S’ C S of codimension at most d +
2910~703=13 and density at least 27%°a4%3 such that A has density at least o+ 273'a?" on 5.

From there, deducing the end result is formally analogous to the 3AP case.
Proof of Theorem 4.1. Let k be maximal such that there exist sequences of sets Ay, . .., Ax, a-structured
sets Sy, ..., S with corresponding vector subspaces Hy, ..., Hy such that

1. A; is a subset of density a; of S;

2. S; is a subset of density 3; of H;

3. A; contains no non-trivial corner

4. Ag= A, S0 = Ho =Fy

9. Qg1 > o5 + 2’3104120

6. Bit1 > 2 %08,

7. codim H;41 < codim H; + 29104;70@-_13

How large can k be? By induction,

o; > o+ 2731420
In particular, we get a; > 2« after [231a~19] steps. From there, another [231(2a)~19] steps bring us to
«; > 4a, etc. In general, the density is at least 2"« after

r

Z (231_1%&_191

i=0
steps. Since the density is bounded above by 1, this means that r < log, a~* and
log, ot jo%s)
k< Z [231-19i4,-197 < 2231—19ia—19 +log, ! < 232471
i=0 i=0

We can lower bound [; using a simple induction:

B; > 2 60i 400
1

By maximality, Proposition 4.5 applied to Ay C Sy C Hy, tells us that || f4, ||é <2780 and Ay, contains
at least o} 57 |H, k|3 /2 corners. By assumption, all those corners are trivial. So

2 3 —1204 i 3
[Hi|” > i 87 [Hy[” /2 2 27127507 | Hy |
We can bound the size of Hj, by computing
codim Hi41 — codim H; < 2°1a; 705713 < 9720i+91,~70-520i

which gives
k

codim Hj, < Z 9720i+91 ,~T0-520i  9720k+92,~T0—520k
i=0
Hence 720k492  —70—520k
2121a—83 2 |Hk| :pn—codlm Hp. 2 pn—2 a B
We are now in the home-stretch. To finish, notice that one of the following holds.

o a8 > p?/2 = N1/2, Then a < N~1/166 « (loglog N)~1/20,



o k> (loglog N)1¥/29. Then o < (loglog N)~1/20 since k < a~17.
o a8 < p*/2 k < (loglog N)'9/29. Then

2720k+92a—70—520k > n/2 — 10g N/2

So
a << (log N)—1/520k < 6—(loglogN)1/20/520 < (loglog N)71/20

O

The following subsections prove the various parts of Proposition 4.5. Before doing so, let us remark one
last feature of the proof.

We enlarged structured sets with some product sets in order to find a density increment, but restricted
to sufficiently uniform sets in order to find a generalised von Neumann theorem. As such, the uniformity
requirement will not be useful for us to establish the density increment. In fact, it will work against us:
A moderately easy graph theoretic argument (Proposition 4.8) will show that a big rectangle norm implies
a density increment on a product set. However we want a density increment on an a-structured set.
We need to uniformise our product set to make it a-structured. This is what Proposition 4.12 does.

This uniformisation argument is interesting in that it itself requires an application of the iterative method.
This makes the overall proof a doubly iterative method.

We now know the full sketch of the proof:

Does A C S C H contain the Yes
expected number of rectangles?

I

A is denser on a big product set F} x Fb.

'

Find a big subspace H' < H and %1, ty such
that Fy — t1, F5 — t5 are big and uniform on H'.

:

Set S'=(S—-t)NHx H A =(A—t)NHx H.

—> A contains many corners, not all trivial.

4.1 Generalised von Neumann theorem
In this subsection, we prove that uniform sets with large rectangle norm contain many corners.

Proposition 4.6 (Generalised von Neumann theorem). Let S be an a-structured set of density 3.
Suppose that A C S has density « and ||fA||é < 278a10 Then A contains at least a®32N?/2 corners.

We first need a lemma telling us that most translates of a collection of uniform sets intersect in the
expected number of elements.

Lemma 4.7. Let G be a finite group. Let 7,k €]0,1[. Write e, = x2F77%/2, If S1,..., S, C G are
ex—1-uniform sets of density o1, ..., 0%, then for all but a proportion of k7 tuples (z1,...,zk) € G* we
have

‘6(5171’1)(70(5)?7‘%1?) —01... O-k‘ S Ek

Proof. Induct on k. The result is clear when k = 0. For k + 1, write

3($y—a)nN(Sess—arss) = JRy S1(@1 +d) ... Sp(@x + d) Sky1(@xi1 +d) = (Skyr © Fi) (@x41)
d
=:F,(d)



Parseval gives

2
K (Sks1 0 Fo) (@h11)? Z‘Sk-i-l o Fy ‘ =041 <EF ) +Z]STI(¢)\2 E(iﬁ)r
Tht1 P#0
Hence 9
1) ((Skﬂ 0 Fy)(@i) - akHEFx(d)) =Y S| [Fw| <&
Tht1 d Ph#0

By induction hypothesis, the proportion of tuples (1, ..., zx) such that

d)—o1...0k <egT

is at least 1 — k7. For these tuples,

E ((Sks1 0 Fo)(pg1) — 01+ op41)? < (2+ 207,,7°)e; < dej

Tk+41

and the proportion of “bad” zj,1 for which |(Sky1 0 Fp)(2k+1) — 01 ... 0k+1| > €41 is no more than

2
dey
S =
€k+1
Averaging over x1, ..., Tk, the total proportion of “bad” tuples (x1,...,2k+1) is at most (k + 1)7, as
wanted. O

Proof of Proposition 4.6. Write 3 the density of S and write S as E; x Eo where E, Ey are 27 35q15-
uniform subsets of some subgroup H < Fj. All expectations in this proof will range over H. Write
n=28%"Yand f=f1=4-q.

For functions fi, fo, f3 : H — R, write T_(f1, f2, f3) = Ezy.afi(z + d,y)f2(x,y) fs(x,y + d). This
operator is trilinear and |H|* T, (A, A, A) is the number of corners in A. Write!

TL(A7 A7 A) = TL(Aa fv A) + aTL(Aa 1? A) > aTL(Aa 17 A) - ‘TL(Av f7 A)|
We can lower-bound the first term as follows:
2
L(A1LA) = | Al +d,y) Az, y + d) = E(]E Ast) 2( K A(s,t)> =242
z,y,d z s+t==z z,5+t==z

And now we want to show the second term is small in absolute value. This is where we use that || f||5

is small. To make the || f||2; term appear, we will use Cauchy-Schwarz twice to each time duplicate the
number of appearances of f in the expression. For this to work, we need one variable to not appear
as an argument of each function fed to 7. A neat way to do this is to write corners in the form

(x,zf:c),(x,y),(z—y,y). We get
T (A f,A EA:Z:Z—;E flz,y)Alz —y,y EAzfy, VE1(z —y Ef x,y)A(z, z — x)

T,Yy,2

Hence Cauchy-Schwarz once gives

2
TL(A, f.A (EA S ) K <E1(z—y)Ef(x,y)A(wvz—x)>

Y,z

=af [§ EiGz—y)f(e Az —a) (@, y) A,z - o)

.
T,T°5Y,2

()

1t is tempting to try expanding TL(f, f, f) = TL(A, A, A) + ... and use |T_(f, f, f)| < ||f||& just as we did in the 3AP
case. However we don’t have enough control over the cross terms Tj (1, A4, A),T{_ (A,1,A),TL (A, A, 1), so we are forced to
do this more delicate argument instead.




Cauchy-Schwarz once more gives

(¥)* = ( E Az, z — x)A(x',z — 2")Ea(z — x) B2 (2 — 2) Ef(l"a y)f(x’,y))

z,x’,z Yy

< ( E A(m,z - x)A(x',z - I/)> ]E w(m,x’,y,y')f(a:,y)f(x,y')f(:c/,y)f(x’,y')

z,x’ 2

@) )

where
w2 y.y) = B Brlz — ) Bz — o) o — 2) Ba(z — )

w(z,x',y,y’) is the density of the intersection of four 272 3593/2_yniform sets. Hence Lemma 4.7 tells us it
is basically constant. Precisely, with k = 4,7 = 2728%, k = 2783213, we get that ‘w(m, 2y, y) — 62’ <
B4y with probability at least 1 — 3*5. We can therefore approximate (1) by 54 Hf||é as stch:?

26' > | [ (wie,2,y,y) = B2)f(e,9)f (.9 f (2 9) f (@)

! ’
T,X°,Y,Y

= |0 =B 1718| = 1] = *n

Further, Parseval and uniformity of Fp, Ey tell us

(1) < TR Er@)Es(z - 0)Er(') Ba(z — 2f) = [R(En # Ba)(2)? < 6 + 272852 < 257

’
T,x°,2 z

Together, these inequalities say

TL(A £, A <2278 ], wia, 2oy, ) fa,9)f (2,y) [ y) (@ y') < 60”5

z,z’ Y,y
Therefore,
TL(Aa A7 A) > aTL(Av 17 A) - |TL(Aa f7 A)' > O‘Sﬁg - 20‘1/252771/4 > 04362/2

as wanted. O

4.2 Unstructured density increment
In this subsection, we prove that sets with many rectangles are denser on some product set.

Proposition 4.8 (Unstructured density increment). Let S = E; x E3 be a product set. Suppose that

A C S has density « in S and HfA||é > 278a19. Then there exist I, C Ey, Fy C F5 of density at least
2715010 such that A has density at least o + 272202 on Fy x F».

Remark. This a?° term is directly related to the exponent of loglog N in Theorem 4.1. A bound of
the form 0, x ;, (A) > a + Ca™ gives a final bound in Theorem 4.1 of o < (loglog N)~/(m=1%¢) for all
c>0.

Shkredov’s argument in [30] is Fourier-analytic. We instead present the simple double-counting argument
from [17], stated graph theoretically.

Our graph of interest is the bipartite graph G on parts X,Y with edges A. The density of A within §
becomes the edge density of G. More generally, the density of A within X' x Y’ C S is §(X’,Y”), the
edge density between X’ and Y. Rectangles in A become Kj 5 in G. Our goal is to find large subsets
X' C X,Y’ CY such that §(X’,Y”) is big. For brevity, we will write n = 278a19.

The proof idea is to pick X', Y’ to be the neighborhoods of some ¥, x whose degree is close to the expected
value and maximising §(X’,Y”). The expectation of §(X’,Y") over x and y is controlled by ||A||é|. What
we have is a condition on || fal|5, so we must relate it to | A| 5. Both steps will work unless many « € X
or many y € Y have degree far from the average. But in this case we have many vertices of unexpectedly
high degree and can make X', Y’ out of them.

2B, 4y, is an expectation over H x H while ||fHé is an expectation over S x S. This is why there is an extra 32 term
appearing when expanding out.



Lemma 4.9 (Imbalanced case). Let 1,2 > 0. Suppose that a proportion &7 of vertices z € X are such
that |§(N(x)) — a| > 2. Then there exists a subset X’ C X of density at least min(e1,e2)/2 such that
(X' Y) > a+e1ea/2.

Proof. By the assumption, there is either a proportion of €1 /2 vertices € X such that §(N(z)) > a+e9
or a proportion of €1/2 vertices € X such that 6(N(z)) < a — €.

In the first case, define X’ to be the set of such vertices. Then §(X',Y) > a+¢e2 > a +e162/2.

In the second case, define X’ to be the complement of the set of such vertices. Counting edges, we find

(a—e2)(1=86(X")) +6(X') >«

Hence

)

S(X) > —2  >2
l1+a—es 2

Y

By assumption, 6(X’) <1 —¢1/2, so

_ _ _ i
5(X/,Y) Z Q |X| (Oé |X6;|2)(1 ‘X |) = a4+ (§(X/)71 - 1)52 Z o+ 51252

O

Lemma 4.10 (Relating || fa||5 and ||A]|5). Suppose that ||fA||E > n and that the proportion of x € X
such that [§(N(z)) — a| > 2757 is at most 2757. Then ||A||é > at +1n/2.

Proof. In this proof, all expectations will be over X or Y. Expand

4 4 4
Allg = lla+ fallg = o + +fallo

14 terms
Changing variables, we may write each of the 14 middle terms in the form
a JK fal@ v, y)h,y)
z,z' Y,y

where ||g]| . , [|1]|,, < 1. We bound each term using

K fa@ e, vn,y)

! ’

<

EfA($7y)

where the last inequality holds by the second assumption. Therefore

— F16(N(2)) —al < 277

x

1Al > o + [ fallg — 14-27%an > o* +n/2
O

Lemma 4.11. Suppose that ||A||é > ot +1/2 and that there’s at most a proportion of 276y of z € X
such that [§(N(z)) — a] > 27%. Then there exist subsets X’ C X, Y’ C Y of density at least 2757 such
that §(X’,Y") > a+n/8.

Proof. For x € X,y € Y, write e(x,y) the number of edges between N(z) and N(y). Observe that

— -1 4
XY TR Lomgela,y) = Al = o +0/2

z,Y

Define Xy to be the set of € X and |§(N(z)) — o] < 278y and Yj similarly. We want to restrict G' to
Xy and Yy. We compute

K 1anye(z,y) = JK Xo(@)Yoy)lanye(@, v) = [H(1 = Xo(2)Yo(1)lanye(@, y)

z,y

< [C(X6(2) + Y5 () 1X] Y] < 279 |X]|Y]|
z,y
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where the last inequality holds since 6(X§),5(Yf) < 275 by assumption. Therefore

X7yt K e(my) 2o XY R Xo(2) Yo () lenye(a, y) > ot + /4

z€X0,YE€Y0,x~yY Y

and we can find x € Xo,y € Yo such that x ~ y and
X[ Y e(a,y) > o + a7 /4

Since x € X, we have
27T <a—-2"<8X)<a+275

and similarly for Y’. Hence X’ and Y’ are decently big and

ad+a /4

(XY >
( ) )7 (O{+2_577)2

>a+1n/8

O

Proof of Proposition 4.8. Suppose that the proportion of z € X such that |[§(N(x)) —a| > 275y is at
least 2767, Then Lemma 4.9 gives us F; C E; of density at least 2775 such that the density of A on
F x Ey is at least a 4+ 271392,

If instead the proportion of y € Y such that [§(N(y)) — a| > 2% is at least 275, swap X and Y and
apply Lemma 4.9 again.

If both proportions are smaller than 27, apply Lemmas 4.10 and 4.11 in succession to get F; C Ey, Fy C
E5 of density at least 2771 such that the density of A on Fy x F, is at least a +1/8 > a+ 271352, O

4.3 Uniformisation

This subsection proves that any product set may be intersected with a large subspace of G = F); on
which it is uniform.

Proposition 4.12 (Uniformisation). Let 7,0,,d €]0,1[. Let H < T} be a subspace.® Let T = Fy x F
be a product subset of H x H of density . Let A C T be a subset of density «+ 7 inside T'. Then there
exist H' < H a subspace of codimension at most 160 271§~! and elements ¢, ts € H such that

1. B{ :=(Fy —t1)NH',E} := (Fy — t) N H' are o-uniform subsets of H’
2. 8" := E} x E} has density at least 76/2 inside H' x H’
3. A" := A — (t1,1t2) has density at least a + 7/4 inside S’ x S’.

Following the 3AP case, we could try turning the non-uniformity of 7"on H x H into a density increment
on a coset of W x W where W is some one-codimensional subspace of H. If we iterated this argument
naively here, we would find a subspace H' < H of small codimension on which T is uniform and dense.
Namely we would achieve Properties 1 and 2, but not Property 3 as we might restrict T to a coset of H'
containing little to none of A.

Since we don’t know which coset of W x W will contain a density increment for A, we might as well
look at all cosets simultaneously, iterate in each of them, and only at the end choose the coset with the
biggest density increment for A.*

At step k, we will have a partition Cy of H x H into cosets of subspaces. In order to measure the density
increment of T and ensure termination, we need a way to combine the densities d¢(T') for C € Ci. In the
3AP case, the strategy amounted to maximising supgee, dc(T), but now we need some way to measure
the density increment even if T is already dense and uniform on some C' € Cj,. Therefore we will instead
look at the L? average Y- e, 0(C)oc(T)?.

Let’s first show that we can increase this L? average on one coset, here assimilated with Fy itself.

31In [17], Green assumes a lower bound on |H|, but all that lower bound does is ensuring that H’ is not the zero subspace.
This doesn’t actually matter for the rest of the proof.
4https://www.koalastothemax.com provides an evocative illustration of the iteration when p = 2 and A = koala.
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Lemma 4.13. Let F' C F}} be a set of density J. Suppose ¢ # 0 is such that ‘ﬁ(w)‘ >o0. Let W = ().

Then
P’ [ (F « W)(2)* > 6* + o

Remark. p(F x W)(x) is the density of ' on the coset x + W.

Proof. By Parseval,

EF«w)@? =3 |Fe)
3

x

Felf = |Fo

‘2 — ‘2

We now want to run our recursive uniformisation procedure. We can’t expect it to partition H x H into
cosets of big subspaces such that S is uniform on every part. Indeed, this would require so many steps
that some parts would be really small. Instead we might want to ensure uniformity on most parts, but
that’s impossible either since the way we get rid of a non-uniform part is by subdividing it into p? parts,
only one of which is guaranteed to be a bit more uniform. One way out would be to weigh the cosets
according to their size, which can neatly be described as partitioning H x H into cosets of big subspaces
such that most of H x H lies in cosets on which T is uniform.

Definition 4.14. For a partition C;,i € Z of H x H indexed by a set Z, we define the measure of a
subset J C 7 by
meas(J) = Z Srxu(C;)
=

Lemma 4.15. Let ¢,0 €]0,1[. Let H < F}} be a subspace and let Fy, F» C H. Then there is a partition
of H x H indexed by some set Z into cosets C; = t; + W; x W, of subspaces W; < H of codimension at
most 160~ 2¢71 such that, if we denote by N the set of i € Z for which d¢, (T') > /2 and either Fy —t; 3
or Fy —t; 5 is not o-uniform on W;, then

meas(N) <

=] m

Remark. As expected from the proof sketch, A is completely irrelevant in this statement. It will come
into play when we decide on a part of the partition.

Proof. We describe an algorithm. At step k of the algorithm, we have an index set Zj, indexing a partition
of H x H into cosets C; = t; + W; x W; of subspaces W; < H of codimension at most k. For each i € Zj,
write
Yi = 0uxm(Ci), i1 = 0ty s 4w, (F1), 05,2 = 01, yyw, (F2), 0 = 0¢, (T') = 04,1042
We classify the parts into three classes:
o If 0; < /2, then we say ¢ is expired.
o If 6; > ¢/2 and Fy — t;1, F» — t;2 are both o-uniform on W;, then we say 4 is uniform.

e If §; > /2 and one of Fy — t; 1, F» — t; 2 is not o-uniform on W;, then we say ¢ is non-uniform.

Denote by &k, Uk, N the corresponding sets of indices. At k = 0, we start with the trivial partition of
H in one part.

If the overall size of the non-uniform parts becomes small, say
€
meas(N) < i

then we stop the algorithm at step k.

Else we go onto step k + 1, during which we will subdivide the cosets in A} and leave the cosets in &
and Uy, unchanged. Since the algorithm hasn’t stopped at step k, we have

meas{i € Z | F; — t; 1 o-uniform on W;} + meas{i € Z | F, — t; » o-uniform on W;} > meas(N}) >

A
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WLOG the first set has measure® at least /8. Call that set N]. For each i € N}, use Lemma 4.13 to
find a codimension one subspace W/ < W; such that

P B (Frs W)(@)? 2 62, + 02
TEW;
Write
tin+ Wi = (ug +W)U---U(up + W)
tip+Wi=(vi+W))U---U (v, + W)
Replace i € Ty, by (j1,j2) for ji,j2 € [p], with associated subspace W(;, j,) := W/ and coset
C(jle’z) = (Ujl,’l)j2) "FW{ X WZ/
N—_——

=t (j1.42)

Let’s show the algorithm terminates after at most 160 2¢~! steps. We do so by looking at the sum

of the L? averages of the densities of Fy and F, over parts of the partition. For a partition of H x H
indexed by Z, its index is

ind(Z) = Z%‘(‘sil + 51‘2,2)
i€l

At step k 4 1, reusing our notation from the above paragraph, we write
;171 = 6“7'1 +Wi (Fl)’ 5;272 = 6“]'2 +Wi (FQ)
and compute

o2, =0 B (B« W)(2)? > 62 + 0
J1

zeW;
]E(Sg, (]E J2,2 )
J2

Noticing that v, j,) = ™%y (W] x W] < W; x W; with codimension 2), we get

ind(IkJrl) - lnd(Ik> = Z J1,J2)(6ﬁ, 5]2 2) Z ’Yi((sz‘z,l + 622,2)

1E€EN] 1,72 ieN],

- 5 (B Esa- - )

iEN] J
> o?meas(N) > 0%¢/8

Since 0 < ind(Z) < 2 for all Z, the algorithm indeed terminates after at most 160 ~2c~! steps, at which
point all cosets in the partition have codimension at most 160 2¢~1. O

We are now ready to use the information about the density of A across the parts of the partition provided
by Lemma 4.15 to decide which part will become H’.

Proof of Proposition 4.12. Using Lemma 4.15 with ¢ = 74, find Z a set indexing a partition into cosets
C; of subspaces W; < H of codimension at most 160277161 and such that
T

meas(N) < T

5Since each part in N, must have been subdivided once during each of the first k steps, we know that C; for i € N,
has codimension exactly n — k, which means that |[N| > p2k€/4. However, we won’t need that information and will only
use the bound on meas(N).
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where N is the set of ¢ € Z for which d¢,(T) > 76/2 and either F} —t;; or Fy — t; 5 is not o-uniform
on W;. Similarly to the proof of Lemma 4.15, write £ the set of ¢ € Z for which ¢, (T) < 76/2 and
U = (EUN)® the set of i € T for which d¢,(T) > 76/2 and Fy —t; 1, F» — t; 2 are both o-uniform on W;.
Define

6i = 0¢,(T), 0 = by (A)

Note that ¢, (A) = d;; and Sy (C;NT) = 7,;6;.
First observe that

70

) )
Z’yz@al < % Z’yz < % and Z %51041 < IneaS(N) < Z
€€ €€ ieN

Combined with

Z’Vi(sz’ai + Z Yidioy; + Z’YiCSiOzi =0uxu(A)=(a+7)d
€€ iEN €U

we get

iezu'yi(siaiZ(Oé+T)5T575_ (a+z)§

Hence

Z'Yi(silieuai = Zyiéiai > (a + %) d= Z%&- (a + %)

i€z ieU =
and there must be some i € Z for which 1;,cy; > o+ 7/4. In particular, ¢ € Y. Take H' = W;,t = t;.
We check that

1. B} .= (Fy —t;) N H',E} := (Fy — t2) N H' are o-uniform subsets of H’' since i € U
2. 8" := E}| x E} has density §; > 76/2 on H' x H' since i € Y
3. A" := A — (t1,t2) has density at least a; > o+ 7/4 on H'.
O

Note that we never made use of the fact that we were in two dimensions. The same uniformisation
argument works for any dimension, up to constants.

5 Adapting Shkredov’s upper bound to the integer setting

In this section, we sketch out how to translate the upper bound on corners in F) described in Section 4
to the integer setting.

Theorem 5.1 (Shkredov). If A C Z/NZ x Z/NZ contains no non-trivial corners, then

|A] < N?/(loglog N)/™

We first explain what new definitions we need, before contrasting the main steps of the proof to their
finite field counterparts.

5.1 New framework
In this subsection, we set up the new definitions needed for the integer case.

Following our program, we will replace every occurrence of a subspace in the finite field case proof by an
“approximate subspace”, which we will take to be a Bohr set.

Definition 5.2. Let I' C G. The Bohr set of frequencies I' and width® p is
BT, p) ={zeG[vVyel |y(z) -1 <p}

IT| is the rank of the Bohr set.

6Sometimes authors allow a different width for each frequency, but we will only ever need constant width Bohr sets
here.
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Remark. Shkredov further requires || < N where N is an extra parameter. This is because he works
with G = Z. We spare ourselves this parameter by working in Z/NZ instead.

The notion of a Bohr set being “closed under addition of small elements” is formalised as such.

Lemma 5.3. If x € B(T', p;) and y € B(T', p2), then

x4y € B(T, p1 + p2)

We will use this simple fact repeatedly in the case where po is much smaller than p;.
Definition 5.4. We say B(T', p2) is an n-attendant of B(T', p1) if p2 < np;.

Now every time we add two elements of G together in the proof, we need to make sure one of them comes
from a Bohr set B and the other one from an n-attendant B’ of B. For this notion to be useful, we also
need B + B’ to be comparable in size to B.

Definition 5.5. Let 0 < k < 1 be an ambient parameter. A Bohr set B of rank d is k-regular if, for
all p’ such that

K
li P
0" = Pl < {502"
we have BT, )|
y P
l-k<————=<1+=&k
|B(T, p)|

Not all Bohr sets are regular, but they can all be scaled by a small amount to become regular.

Lemma 5.6 (Bohr set regularity). For all T and p, there exists p’ such that p/2 < p’ < p and B(T, p’)
is regular.

For the rest of this section, all Bohr sets will be assumed regular. We will always precise what
is in context.

One major difference between Bohr sets and subspaces is that we can’t partition a Bohr set into cosets
of smaller Bohr sets. Luckily, if B is a Bohr set and B’ an n-attendant, we can cover B by copies of B’
such that each element b € B lies within roughly the same number of copies. In this sense, n-attendants
play the role of codimension 1 subspaces. The following lemma, which we will use repeatedly, incarnates
that principle by saying that B * B’ is close to B in L'.

Lemma 5.7. Let 0 < k < 1 be an ambient parameter. Let B be a Bohr set of rank d and B’ a
k/100d-attendant of B. Then
|B* B — Bl <2k

where the L' norm is taken over B.

Let’s now try to find the analog of uniformity. One blatant issue with Bohr sets is that we can’t directly
talk about the Fourier transform of f : B — C where B is a Bohr set. We could simply talk about the
Fourier transform of f extended to a function G — C, but this would fail to capture the fact that within
B we are only allowed to see additive structure on a small scale. We must therefore probe f with an
n-attendant of B. Else we will never manage to produce uniform sets in the uniformisation procedure.

Definition 5.8. For an ambient Bohr set B and an n-attendant B’ of B, a set A is e-Bohr-uniform if
05{b | | fapsplloo > e} <& K 1005(A) = 3p(A)° < o
beB
where faprp = AN D+ B') —dp(A)(b+ B’) is the balanced function of A on b+ B'.
Structured sets are now defined analogously to the finite field case.

Definition 5.9. For a > 0, a set S is a-Bohr-structured of rank d and density [ if there exist Bohr
sets By, By such that rank By = rank By = d,6p,xB,(S) = 8 and S = E; x Ey for some 272000348,96_
Bohr-uniform subsets E1, Es of By, By with n = 27100003192,3844—1

Similarly to uniformity, the rectangle norm captures more than just the small scale behavior, meaning
that the failure of a set to be rectangularly uniform won’t provide us with a good enough unstructured
density argument. Hence we season our norm with some n-attendants.
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Definition 5.10. For two ambient Bohr sets By, By and n-attendants B} of By and B) of By, the Bohr
rectangle norm of a function f: G x G — R is defined by

£ 115, x5, = EE K faof@y) @y fey)

1€By T, w €z+d+B/
JEB2 vy €j— d+B’

For a further ambient n-attendant Bf of Bj and an ambient product subset S = E; X Fy C By X By of
density 3, a set A C S of density « is e-Bohr-rectangularly-uniform if

0p, b I fasllisn B, > 6% <e

Warning. We now have mentioned four kinds of uniformity:
e c-uniformity of subsets of H (one-dimensional)
e c-Bohr-uniformity of subsets of H (one-dimensional)
e c-rectangular-uniformity of subsets of H x H (two-dimensional)
e =-Bohr-rectangular-uniformity of subsets of H x H (two-dimensional)

This might get a little confusing, but we will need the last three notions in the proof.

5.2 New proofs

In the previous subsection, we covered all the definitions that need changing to tackle the integer case.
In this subsection, we will investigate the proofs. Let’s scan through Section 4 to find uses of subspaces
and physical space addition.

The generalised von Neumann theorem consumes a subspace. We need to replace that subspace with a
Bohr set and track a bunch of n-attendants, but not much else changes. We can still prove that the size
of the intersection of uniform sets concentrates around its mean (this was Lemma 4.7 for the finite field
case and is Theorem 3.1 in [29]), which we again use to estimate the weight function that appears when
expanding (a suitably modified version of) 7] along one direction.

Proposition 5.11 (Generalised von Neumann theorem). Let S be an a-Bohr-structured set of density
B. Suppose that A C S has density a and is 27!°°a!2-Bohr-rectangularly-uniform. Then A contains at
least 2780342 | B}|? | By| corners.

On its own, our previous unstructured density increment (Proposition 4.8) works out just fine. It is a
purely combinatorial statement that doesn’t consume nor produce a subspace, and the rectangle norm
does not mention addition. However, recall that we have sprinkled n-attendants in our definition of
uniformity in order for the upcoming uniformisation argument to go through. We must therefore work
harder to eliminate those n-attendants. In fact, we will work strictly harder since we will reduce the new
density increment to Proposition 4.8.

Proposition 5.12 (Unstructured density increment). Let S be an a-Bohr-structured set of density .
Suppose that A C S has density « and is not 271°°a!2-Bohr- rectangularly-uniform. Then there exist a
Bohr set B, an element t € Z/NZ x Z/NZ and subsets Fy C Ey N (t; + B), Fy C EyN (ty + B) such that,
writing T' = F} x Fy,

5BXB(T) Z 2—250a24ﬁ

and

Sr(A) > o+ 2759037
Remark. As opposed to Proposition 4.8, we do need that S is structured and not merely a product set.
Proof sketch. The idea is to pass to large subsets El C Fq, EQ C FE5 on which A is not just non-e-Bohr-
rectangularly-uniform but has actually big rectangle norm. Proposition 4.8 then applies.

To do so, we must exclude (many) pathological cases where the density of some set on a product set
with some n-attendant is too small or too large. But in those cases, we (painfully) notice that our life is
actually easier (not as hard) because we can directly (in a page or so) turn the imbalance into a density
increment. O
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Last but not least, we must translate uniformisation. Recall that, in the finite field case, we proved
uniformisation (Proposition 4.12) by creating a partition of the ambient subgroup H into cosets of big
subspaces, recursively splitting cosets on which S was not uniform, and at the end picking a coset
depending on the density of A. As we said earlier, we can’t partition a Bohr set into smaller Bohr sets.
Instead, we will create a tree of products of Bohr cosets by replacing at each step a bunch of products of
Bohr cosets on which A is not Bohr-rectangularly-uniform by a collection of n-attendants of those Bohr
cosets. With this idea in mind, everything works out the same as in the finite field case, except that our
L? average density loses O(k) at every step (due to applications of Lemma 5.7). This is where we get to
set k to something adequately small.

Proposition 5.13 (Uniformisation). Let 7,0,a,3,n,x €]0,1[ be such that k = 2719053755% ¢ <
27100785 < k/100d. Let B = B(T',p) be a Bohr set of rank d and width p. Let T = F; x Fy be
a product subset of B x B of density §. Let A C T be a subset of density a+ 7 inside T. Then there exist
a Bohr set B’ of rank d’ < d + 23°¢377°575 and width p’ > (2_1077)(1/,0 along with elements t1,t5 € B
such that

1. E{:=(F1 —t1) N B',EY := (Fy» — t2) N B’ are o-Bohr-uniform subsets of B’
2. §':= B} x E} has density at least 76/16 inside B’ x B’
3. A" := A — (t1,t2) has density at least o + 7/16 inside S’ x 5.

6 Lower bound on corners

In this section, we describe the recent method developed by Christandl, Fawzi, Ta, Zuiddam [9] to find
lower bounds on corner-free sets in ]F;} and the connections to the NOF model.

We will first explain how large corner-free sets give rise to efficient communication protocols in a specific
instance of the NOF model. Then we will translate the corners problem into an hypergraph Ramsey
problem. Finally, we will use our newly gained perspective to describe Christandl, Fawzi, Ta and
Zuiddam’s main advances and give explicit lower bounds on r_(F%) and r_(F%).

6.1 The communication complexity perspective
Let’s describe the communication problem relevant to corner-free sets.

Recall that in the NOF model we have k participants, k data x; € AX; and an objective function F :
X x - x Xy — {0,1}. Participant ¢ knows z; for all j # 4 (think of the datum x; as being written on
participant i’s forehead). The participants agree on a strategy beforehead. Then, at time ¢, participant
t mod k broadcasts one bit of information. The goal is for all k participants to know the value of
F(x1,...,z) as quickly as possible.

The NOF model was introduced by Chandra, Furst and Lipton [8] to study branching programs. When
k = 2, the model is equivalent to the standard two-party communication model. When k£ > 3 however,
the model becomes much more powerful thanks to the shared information between players. A problem of
great interest is to find some explicit objective function F' for k > 3 such that randomised protocols are
much more efficient than deterministic ones. The Eval function was put forward as a potential candidate.
It is defined by

1 ifl'l—f—xg-l-xg:()

Evalg (21, 22, 23) = {0 if o1+ 29+ 23#0

for z1,29,23 € G. The communication problem associated to Evalg in the NOF model can be solved
by a randomised algorithm in O(1). However we know very little about its deterministic communication
complexity D(Evalg). For example, the state of our knowledge for G = F% is

loglogn < D(Evalpy ) < 0.24n + O(log n)
The lower bound is due to Lacey and McClain [22] and the upper bound is given by Theorem 6.10.

Chandra, Furst and Lipton [3] were the first to notice that many deterministic communication complexity
problems in the NOF model have a Ramsey theoretic interpretation. This is where it gets interesting
to us. Large corner-free sets correspond to efficient deterministic communication protocols for the Eval
problem.

17



GxGxG

Figure 1: Part of the solution set S inside the cube G x G x G. (a1, az,a3) is a non-trivial forbidden
pattern for d, with corresponding non-trivial corner (b, bo, b3).

Theorem 6.1 (Chandra, Furst, Lipton). Let xi_(G) be the number of colors required to color G x G
such that no corner is monochromatic. Then the deterministic communication complexity of Evalg is

D(Evalg) = log, x(G) + O(1)

Remark. The same is true for more participants than just 3. In general, the communication complexity
of the Evalg problem for k participants is related to the number of colors required to color GF~! in such
a way that no multidimensional corner (a1 +d,...,ar—1 + d) is monochromatic.

Proof. We need a more symmetric onlook on the situation. Consider G x G x G the space of all possible
data (x1,x2,x3). Within that space, there is the solution hyperplane

S = {(LEl,IZ’,'Q,IL’g) | xr1 + o +I3 = O}

By definition, Eval(z) =1 <= 2z € S. We identify S with G x G under projection onto the first two
coordinates. Under that identification, corners become what we will call forbidden patterns, namely
tuples (a1, as,as) such that there is d € G x G x G which, for each 4, has the same coordinates as a;
except for the i-th one. Equivalently, a; , = a; i for all ¢, j and all k # i, j. We say that (a1, a2,a3) is a
forbidden pattern for d, and that is non-trivial if the a; are different.

First, let’s prove that D(Evalg) > log, x(G). For z € G x G x G, define B;(x) the sequence of bits the
participants broadcast until time ¢ when x; is written on the forehead of participant ¢, T'(x) the time at
which all participants know the value of Eval(x1, 22, x3), and write Boo(z) = By(g) ().

Notice that if (a1, as,as3) is a forbidden pattern for d and By (a1) = Boo(a2) = Boo(as), then Boo(d) is
also equal to them. Indeed, induction on ¢ shows that By(d) = Bi(a;) (where the index of a is taken
mod 3): If By(d) = Bt(at), then participant ¢ mod 3 can’t distinguish between the broadcast history
starting at d from the broadcast history starting at a; and therefore broadcasts the same bit in either
case, whence Byi1(d) = Biyi(ar) = Biy1(ary1). In particular, if we further have aq,as,a3 € S, then
d € S as well (assuming participants follow a communication protocol that correctly computes Eval) and
d= a]; = a = as.

This means that By, colors S in such a way that no non-trivial forbidden pattern is monochromatic.
Therefore B, takes at least C_(G) different values and there must be some x such that T(x) >
log, x_(G), as wanted.

Now, let’s prove that D(Evalg) < log, xi_(G) + 4. We describe an algorithm. Partition S into x_(G)
colors such that no non-trivial forbidden pattern is monochromatic. Assume x; is written on the forehead
of participant 7. Participants 1, 2, 3 respectively compute

a1 = (—xg — x3,29,x3), as = (r1,—23—x1,23), ag=(T1,Ts,—x1 —xT2) €S
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From time ¢ = 1 to time ¢ = [log, xi_(G)], participant ¢ mod 3 broadcasts the ¢-th bit of the color of ay.
The [logs x(G)] bits make up a broadcasted color. Then, until time ¢ = [log, x._(G)] + 3, participant ¢
mod 3 broadcasts 1 iff a; is of the broadcasted color. The answer is then “Yes” iff the final 3 broadcasts
were all 1. Since a1, as,as form a forbidden pattern, we have

answer is “Yes” <= a1, as, as all have the same color <= a1 =ay =a3 < € S

Therefore the algorithm correctly computes Evalg(x1, 2, x3). O
Theorem 6.1 is stated in terms of x._(G) but we are interested in 1_(G) instead. Luckily, those quantities
are easily seen to be approximately the same.

Proposition 6.2 ([3]). Let G be a finite abelian group. Then

[l
TL(G)

2
G|

G
< (G) < 2loglG| )

Proof. On one hand, we clearly have |G|* < rn_(G)a_(G) since each element of G x G belongs to some
corner-free set of size at most r_(G).

On the other hand, if A is a corner-free set of density o = r_(G)/ |G|?, then we can pick m = 2log |G| /o
translates of A randomly and the expected number of elements not covered by any translate will be

IGP(1—a)" <1
Namely, there is some collection of m translates of A that covers all of G x G. So

G
a (G) <m =2log|G]| {E)

6.2 The Shannon capacity of hypergraphs perspective

How is avoiding corners an hypergraph Ramsey problem? And what does Shannon capacity have to do
with it?

Let’s first recall a few definitions which are perhaps not so standard in the context of hypergraphs.

Definition 6.3. H = (V, E) is a (directed) 3-uniform hypergraph if E is a set of (ordered) triples
of V. Elements of E are called hyperedges of H (or just edges for short).

An independent set in H is a set A C V such that no hyperedge e € F is a subset of A (as an
unordered triple). An induced matching is a triple of sets A1, As, A3 C V such that (a1, a9, as3) is not
an hyperedge for any a; € Aj,a2 € Asz,a3 € As. Note that A is an independent set iff A, A, A is an
induced matching. We will therefore think of independent sets as symmetric induced matchings.

The independence number «(H) of H is the size of its largest independent set.

The strong product H; X Hy of two directed 3-uniform hypergraph Hy = (Vi, Ey), Hy = (Va, E9) is
the directed 3-uniform hypergraph on Vi x V, whose edges are those ((a1, b1), (az, b2), (as, b3)) for which
one of the following holds:

1. a1 = as = a3 and (b1, bs, b3) € V5.
2. (a1,a2,a3) € Vq and by = by = bs.
3. (a1,az2,a3) € V7 and (b1, be,b3) € Va.
Denote by H¥" the strong product of H with itself n times.

We note that the independence number is supermultiplicative, in the sense that
o(Hy)o(Hy) < a(Hy R Hy),  o(H)" < o HE™)

since an independent set in H; can be combined with an independent set in Hy to give an indepen-
dent set in H; X Hy. Fekete’s lemma therefore tells us that lim,,_o a(Hgn)l/” exists, is equal to
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sup,, .. o H®™)Y/" and is also finite if V is since a(H®") < |V|". This quantity has a name in the
literature.

Definition 6.4. The Shannon capacity of a directed hypergraph H is
O(H) := lim a(H*")'/" = sup a(H*")"/"

n—00 n—00

We now can define the hypergraph relevant to corner-free sets.

Definition 6.5. For a finite abelian group G, define H,_(G) to be the directed 3-uniform hypergraph on
vertices G x G with hyperedges of the form

(z+dy), (z,y), (z,y +d))
with d # 0.
Remark. Similarly, there is an hypergraph H3(G) relevant to 3APs.

By construction, r_(G) = a(H_(G)) and H_(G; x G2) = H_(G1) X H_(G2). Therefore we see that the
asymptotic behavior of r_(G™) is controlled by the Shannon capacity of H_(G).

Lemma 6.6. For G a finite abelian group, we have

nL(G") = O(HL(G))" ™

Note that nothing really happened here. The translation from and to the world of hypergraphs is done
without any significant loss”. We insist on staying in the world of hypergraphs in order to emphasize
that the method applies to other problems (eg 3AP-free sets) as long as they can be interpreted as an
hypergraph Ramsey problem.

6.3 Combinatorial degeneration

Now that we have reduced the search for large corner-free sets to lower-bounding the Shannon capacity
of some hypergraph, let’s describe Christandl, Fawzi, Ta and Zuiddam’s machinery to produce such lower
bounds.

We need a concept from algebraic complexity theory, referred to as combinatorial degeneration. It was
introduced by Strassen in [31, Section 6] on his way to constructing fast matrix multiplication algorithms.

Definition 6.7. Let Iy,...,I; be finite sets. Let ¢ C oI; x --- x I, be two sets. We say ¢ is a
combinatorial degeneration of v if there exist maps w; : I; — Z such that

1. For all z € ¢, we have >, u;(x;) =0
2. For all z € ¥\ ¢, we have ), u;(z;) >0

Remark. 1 should be thought of as a universe of “possible outcomes” and ¢ as the ”goal set” that we
would like to land in.

Combinatorial degenerations have already been used in combinatorial contexts to build large induced
matchings [3, 2, 10]. The insight of Christandl, Fawzi, Ta and Zuiddam is that they can actually be used
to construct large independent sets.

Theorem 6.8 (Combinatorial degeneration method). Let H = (V, E) be a directed k-uniform hyper-
graph. Let S C V be a subset of vertices such that

¢o={(v,...,v) |veS}
is a combinatorial degeneration of
Yv=EU{(v,...,v) |veV}
Then 6(H) > |S5].

7This is a bit of a lie, since we have actually lost a o(n) term in the exponent in Lemma 6.6. Compare this to Sections
4 and 5 whose entire purpose was to bound that o(n) term. This loss is justified by the fact that we are now in a very
different regime: we don’t even know what the base of the exponent is.
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Remark. S should be regarded as being almost an independent set in H, from which we build ac-
tual independent sets in H®". Precisely, the combinatorial degeneration from 1 to ¢ lets us carve an
independent set out of S™ of size approaching |S|".

Proof. For a multiple n of |S], call a tuple z = (x1,...,2,) € S™ uniform if every s € S appears exactly
n/|S| times in x.

Claim. Uniform tuples in S form an independent set of vertices of H™".

Proof of the claim. By the combinatorial degeneration assumption, find maps u; : I; — Z such that

Vo€ ¢, uilwi) =0, Veeyp\ o,y uilz) >0

Assume z1, ...,z € S™ are adjacent in H®". Then (1,,...,2;) € ¢ for all j. In particular,
D ui(wiy) >0
i
Since 1, . .., zx are not all equal, there also exists some jo € [n] such that (x1 j,, ..., %k o) € {(v,...,0) |
v €V} D ¢, whence
0< Y uilwigy) <D uilwsy)
i ,J
But if x4, ...,z were all uniform we would instead have
n n
> uilwig) =) 5] > uils) = Kl > uils) =0
@7 7 seS SES 1
since (s,...,s) € ¢ for all s € S. Contradiction. O

Now, the number of uniform tuples in S” is

(")
where the last inequality holds by

st =Y <a1 " )g(n+1)|5|(n n n)

ar+-tajg=n NG4S ST+ 18]

by concavity of multinomial coefficients and the fact that the number of partitions of n into |S| parts is
at most (n + 1)I5. Taking n — oo,

o> im (55 ) 2
~ n—oo (n—|-1)|5| o

O

Remark. Overall in this essay, the only point of using Fekete’s lemma (through Lemma 6.6) is to be able
to assume that |S| divides n in the above proof. The proof otherwise directly translates to a construction
of corner-free sets in ) x F for n any multiple of [S].

This is all well and good, but combinatorial degenerations are difficult to construct by hand and we don’t
have a good understanding of them. Gladly, they can be encoded as a linear integer program.

Proposition 6.9 (Christandl, Fawzi, Ta, Zuiddam [9]). Let H = (V, E) be a directed k-uniform hyper-
graph. The size of the largest set S C V of vertices such that {(v,...,v) | v € S} is a combinatorial
degeneration of F U {(v,...,v) | v € S} is the solution to the following linear integer program where
s:V —={0,1}, uy,...,ux : V—Zand M € N.

max ZvEV s(v)
subject to up(vr) + -+ ug(vr)
1—5(v) <up(v) + -+ ug(v)

1 Y(vi,...,v5) € B, (1)
M1 —-s(v)) YWweV

>
<
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Proof. On one hand, if (s,u1, ..., ug, M) is a feasible solution to the program, then S :={v eV | s(v) =
1} is so that wy,...,u; form a combinatorial degeneration from {(v,...,v) | v € S} to EU{(v,...,v) |
v € V}. Indeed, if v € S then s(v) =1 and

0<u(v)+---4+ug(v) <0
and if instead (v1,...,vx) € EU{(v,...,v) |v € V'\ S} then either the second or third condition gives

1< ul(vl) —|—-~-+uk(vk)

as wanted.

On the other hand, if uy,...u; form a combinatorial degeneration from {(v,...,v) | v € S} to EU
{(v,...,v) | v €V}, then (S,uq,...,ur, max, u(v) + - - + ug(v)) is a feasible solution to the program
by a similar argument. O

We can now run this program and find big explicit combinatorial degenerations.

Theorem 6.10 (Christandl, Fawzi, Ta, Zuiddam [9]). For the corner and Eval problems over F%, we
have

o O(H_(Fs)) > V/39
o 1L (Fp) > /39" > 3.39n-0)
e D(Evalpy) < 0.24n + o(n)
For the corner and Eval problems over %, we have
o O(H_(Fs)) > 17
o n(Fg) > 7o)

e D(Evalgy) < 0.37n + o(n)

Proof. Apply Lemma 6.6 and Theorem 6.8 to the explicit combinatorial degenerations for H,_(F3) and
H_(F3) given in [9]. O

7 Conclusion

This essay covered a reasonable subset of the current state of the art in determining the size of the largest
corner-free set in finite abelian groups. Let’s take a few lessons home and mention avenues of research.

Very general results, like multidimensional Szemerédi or density Hales-Jewett, apply but yield completely
intractable upper bounds. For corners, all reasonable upper bounds come from Fourier analysis and the
iterative method.

Shkredov’s main contribution here is an appropriate description of the structured sets showing up in the
iteration. Since those structured sets are required to be uniform, a new proof step is needed in order
to turn the usual density increment over an arbitrary set into a density increment over a structured set.
This is what we have called uniformisation. The loglog N term in the final bound (Theorems 4.1 and
5.1) essentially comes from the fact that the density of our structured set inside its ambient subgroup
decreases during the iteration. This doesn’t happen with 3APs: A structured set is a subspace, hence
has density 1 in ambient subspace. And indeed the bound in Meshulam’s theorem (Theorem 3.1) has a
log N term instead®.

Shkredov’s strategy can be tweaked in various ways. For example, Lacey and McClain [22] obtained a
bound of the form r_(F3) < N2?logloglog N/loglog N (note the exponent of loglog N) by taking into
account the third natural ”coordinate” of the problem, namely the diagonal (z,y) — = 4 y. Precisely, if
we write X x4 Y = {(x,2+19) | € X,y € Y}, they replaced the structured sets of the form E; x Fy
with E1, Ey uniform by structured sets of the form E; x Ey N By x428 Ey with Ey, Eo, E3 uniform.

8Roth’s theorem states r3(Z/NZ) < N/loglog N, but this poorer bound compared to the finite field case does not
have the same origin as in Shkredov’s argument. It is instead due to the use of arithmetic progressions as structured sets.
Replacing arithmetic progressions with Bohr sets yields a superior bound.
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It however seems very difficult to translate the dramatic improvement due to Kelley and Meka [21, 0]
from 3APs to corners: The Kelley-Meka improvement stems from replacing very elaborate Fourier space
arguments (see eg Bloom [5]) by plainer physical space arguments, including almost periodicity and a
dependent random choice. Fourier analysis is relegated to the initial bootstrapping step. In Shkredov’s
argument however, Fourier analysis is critical throughout since structured sets depend on the Fourier
transform through their uniformity.

As underlined by Green [18], the finite field case is a fruitful ground for understanding Fourier-analytic
techniques on our way to attacking the integer setting. We have seen this with Shkredov’s argument
which, when translated from its original integer setting to the finite field setting, goes from quite off-
putting to somewhat palatable. A second reason that we have not seen so far is that it allows for algebraic
techniques. These include the polynomial method of Croot-Lev-Pach [11] used by Ellenberg-Gijswijzt [13]
to prove r3(IF%) = 0(2.756™), but also slice-rank and subrank methods.

A second reason for the finite field case to be providing so many new ideas is that one rather sizeable
community is interested in one specific finite field, namely computer scientists and F5. The commu-
nication complexity of evaluating a function with an additive interpretation in the NOF model can
be rephrased as an additive combinatorics problem, eg efficient communication protocols for the Eval
function correspond to large corner-free sets, and improvements have historically gone both ways.

Historically, all corner-free set constructions in ) come from explicit corner-free sets in small dimension,

and the r_(F%) > 3.39"°() hound from Christandl, Fawzi, Ta, Zuiddam [9] is no exception®. There
is a natural barrier to this technique: since F) x [} itself is not corner-free, no explicit construction in

small dimension will achieve r_(IF) > p?*—°(")  Interestingly, Naslund [27] recently announced a bound

of 7_(F%) > 3.40"~°(1) which he obtained via a recursive procedure. In particular it does not come from
a small dimension construction.

Strong upper bounds of the form r_(F}) < c®" for ¢ < p? seem unattainable at the moment. Upper
bounds for the Shannon capacity ©(H) are very hard to come by. In fact there is essentially only one
non-trivial graph whose Shannon capacity we know exactly, namely ©(Cs) = /5 thanks to a sublime
argument of Lovész [24, 25]. One reason for this poor state of matters is that all techniques that are
known to yield strong bounds on independent sets in hypergraph powers (polynomial method, slice-rank,
subrank) work just as well to yield strong bounds on induced matchings. Their generality is their demise:

2n—o(n) [ ]

H_(G™) contains induced matchings of size |G| . We are in need of an algebraic technique that

can tell independent sets and induced matchings apart.

One final topic that we omitted from this essay is lower bounds in the integer case. Behrend’s construc-
tion [1] for 3APs, as reworked by Elkin [12], Green and Wolf [20], gives

TL(Z/NZ) 2 27(C+O(1))1/10g2 NN2
where ¢ = 2v/2 ~ 2.828. By constructing a better communication protocol for the Eval problem in
the NOF model, Linial and Shraibman [23] achieved ¢ = 24/logy e ~ 2.402. Green [19] simplified their

argument by eliminating the back-and-forth to communication complexity and achieved ¢ = 24/2log, % ~
1.822.
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