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Conventions and notation

Units. Default units are A = ¢ = 1, but I keep Newton’s gravitational constant GG explicit.

General relativity. Spacetime will be represented as an (orientable) Lorentzian mani-
fold (M,g). We are interested in three-dimensional gravity, so in principle dim M = 3.
I will be using the ‘mostly pluses’ signature convention for the metric tensor g, which is
the most common in the 3d gravity literature. In this convention, the Minkowski metric is
Nap = diag(—1,+1,+1). The Einstein-Hilbert action will play a fundamental role in later

discussions, so let me define it now as

Ignlg) =

el IRGIGEELY 0.1)

(in Lorentzian signature).

Indices. I use letters from the Greek alphabet (u,v,p,...) for indices that are raised and
lowered with the spacetime metric g, and letters from the Latin alphabet (a,b,c,...) for
indices that are raised and lowered with the Minkowski metric 1. Observe that this notation
differs from the one used in Witten’s original paper on Chern-Simons theory and 3d gravity

[14]. Einstein summation convention is used throughout unless explicitly stated otherwise.

Riemann tensor. I have adopted the following definition for the (components of the)

Riemann tensor
R"Vm7 = 8,)1";0 — &,Fffp + 7 T —T7 TH (0.2)

Vo Tp vp-TO *

Exterior calculus. If {f*} is a basis for T*M, a p-form X € QPM can be written generi-

cally as .
X = JJXM..W]"“1 AEERW N i (0.3)

I will use the following convention for the exterior product of a p-form X € QPM and a

g-form Y € QIM:

(»+9)!
pq!

And the following definition for the exterior derivative of X € Q,M:

Y] - (0.4)

(XAY )y iy v = (1 pp

(dX)m---upH =(+1) 8[u1Xu2---up+ﬂ : (0.5)

The components of the volume form, denoted in this essay by €.+, should not to be confused
with the Levi-Civita symbol €,,, (the latter is not a tensor in curved space!). Recall that
the relationship between these two objects is €0 = \/—¢ €40, Which means that, when the

metric in consideration is the flat Minkowski metric, both objects are equal: €45 = €gpe. A



general volume form satisfies the following contraction identity:

Hp
5'/17]

L flp Ko g1 F _ _ o
e php "Eu e vpkpi1 -k = TP p)!(s[y1

for all p € {0,1,...,n}, (0.6)

where n is the dimension of the manifold and the plus/minus sign option depends on whether

the manifold is Riemannian (plus) or Lorentzian (minus).

Lie algebras. The Lie algebra of a Lie group G will be denoted by either Lie(G) or g.



1 Introduction

Perturbative quantum field theory is one of the most capable tools of theoretical physics.
Its finest rendition, the Standard Model, gives us almighty predictive power over electro-
magnetic, weak and strong phenomena. There is, however, one major physical theory that
we have not been able to reconcile with quantum field theory: general relativity. General
relativity introduces a new, geometric conception of spacetime that radically breaks with
the old Newtonian notion of absolute time and space. In this new paradigm, spacetime is a
dynamical object itself, and should thus be quantized. But, in breaking with the Newtonian
absolutism, general relativity is also distancing itself from some of the basic postulates of
quantum field theory. Locality, causality, unitarity; all of these are on the line if we renounce
to a Newtonian —or, better said, Lorentzian— conception of spacetime. Therefore, it should
not surprise us that, more than 100 years later, the task of finding a consistent quantum
theory of gravity remains one of the outstanding problems in theoretical physics. [2]

On top of the conceptual issues, general relativity is a complicated nonlinear theory
that offers an all-round resistance to computation. It is natural, then, to look for models
that, while mathematically and physically simpler, retain as many quirks of the real problem
as possible. One such model is general relativity in 241 (“three”) dimensions, two spatial
and one temporal. As we will argue, three-dimensional general relativity is a theory without
propagating metric degrees of freedom, so without gravitational waves. This has two clear
advantages with respect to the (3+1)-dimensional case. The first is just analytical conve-
nience. But the second is much more interesting: without propagating degrees of freedom,
the role of spacetime topology becomes much clearer.

As first noticed by Achucarro and Townsend [1], and subsequently developed by Wit-
ten [14], the topological nature of three-dimensional general relativity can be made explicit
by rewriting the theory as a Chern-Simons theory. Chern-Simons theories are a family of
topological gauge theories with an extensively studied quantization, so this formulation opens
up a promising pathway towards the quantization of gravity. The objective of this essay is
to explore the relationship between three-dimensional gravity and Chern-Simons theory, first
at the classical level —in section 2— and then in the context of dS3 quantum gravity —in

section 3.

1.1 Overview

After a case for the study of gravity in three dimensions (sec. 2.1), and short reviews on Chern-
Simons theory (sec. 2.2) and the first-order formalism of gravity (sec. 2.3), the Chern-Simons
formulation of three-dimensional general relativity is presented in section 2.4. The differences
between including a cosmological constant and setting it to zero are large enough to warrant
a separate subsection for each case. Both subsections will discuss the explicit construction
of the Chern-Simons theory, show the equivalence to the Einstein-Hilbert action, and relate

the equations of motion and symmetries of the Chern-Simons theory to those of the metric



formulation.

The second part will begin with an introduction to dSs quantum gravity (sec. 3.1),
where I will also explain the advantages of working with a positive cosmological constant. The
objective will be to test the equivalence between the metric and Chern-Simons formulations
at tree and one-loop level in perturbation theory. The tree-level (sec. 3.2) and one-loop (sec.
3.3) contributions to the partition function will be computed in the metric formulation and

then compared to Chern-Simons results in the literature.



2 A topological perspective on classical 3d gravity

The goal of this first part of the essay is to formulate three-dimensional (3d) general relativity
as a Chern-Simons gauge theory, which is a topological theory. The motivation behind this
programme will be outlined in section 2.1, where I will discuss the significance of topology
in a gravitational context and justify the choice of dimension. The next two sections will
quickly review the Chern-Simons action —sec. 2.2— and the first-order formalism for 3d
gravity —sec. 2.3. Readers familiar with this material can skip to section 2.4, which is where
the Chern-Simons formulation of 3d gravity —with and without cosmological constant— will
be described in full detail.

2.1 Motivation

The object of study of a theory of gravity is spacetime itself, represented as a metric manifold
(M, g). The standard introduction to gravitation focuses almost entirely on describing how
Einstein’s equations constrain the local metric structure of this manifold. This is of course
a major step in understanding the dynamics of spacetime, but says nothing about the other
defining ingredient of a metric manifold: its topology. Topological features are known to
produce measurable effects in other physical settings —think, for instance, of the Aharonov-
Bohm effect—, hence it seems natural to wonder if this is also the case in the context of
general relativity. If the answer is yes, then there is a clear quantum-level implication: the
topology of spacetime may also be quantum. In particular, a putative quantum theory of
gravity should at the very least allow for different topologies to contribute to the path integral.

In dimension three (2+1) and lower (1+41), the metric degrees of freedom of classical
gravity do not propagate, which clears the view for identification of potential topological
effects. (2+1)-dimensional gravity exhibits this interesting characteristic while still retaining
much of the conceptual richness of (3+1)-gravity. This makes (2+41)-dimensional gravity the
perfect theoretical laboratory to test our ideas on the topology of spacetime.

To see why there are no propagating gravitational degrees of freedom in dimension
three, start by considering the more general case of an n-dimensional spacetime (M, g). At
first sight, the Riemann tensor has a total of n? components; R,ps with p, v, p, o taking
values from 0 to n — 1. But the symmetries of this object establish relationships between

these components, meaning that not all of them are actually independent [7]:

e Antisymmetry in the first pair of indices means that there are only N = "(nZ_l) inde-

pendent choices of (u,r). The same applies to the second pair of indices, (p, o).

e Symmetry under the exchange of both pairs of indices reduces the number of indepen-

(5) (3 -

Here ((Z)) = (k+(z_1)) denotes the number of k-combinations with repetition that one

can extract from a set with n elements.

dent choices to



e A further constraint is given by the algebraic (or first) Bianchi identity:
Ru[l/po'} =0 < R,prcr + R‘u/o'l/p + RHPUV =0. (22)

If any two indices are equal, this identity reduces to the previous symmetry and anti-

symmetry relations between components. In all the other (Z) cases, the identity strips

the Riemann tensor of one degree of freedom.

So the actual number of independent components of the Riemann tensor in n dimensions is

O

Let me introduce now the Weyl tensor, which should help us to see why the n = 3 case
is special in some sense. This object is what remains of the Riemann tensor after removing

all its contractions [3]:

2
W,uupo = R,uypa - (g,u[pRa]u - gu[pRO'],u) + ( ) g,u[pga}yR : (24)

2
n—2 n—1)(n—2
The Weyl tensor has all the symmetries of the Riemann tensor,

* Whlipo] = Wvpo -
° Wul/pa = Wpaw/ )

o prpo + Wual/p + Wupal/ = 07

so it has the same number of independent components as 1,,,0. But it has also been defined

so as to satisfy the following w equations:
Wt =0. (2.5)

For n = 3, the number of independent components of the Weyl tensor happens to be equal

to the number of additional constraints imposed by the previous equation,

As a result, the Weyl tensor is identically zero. Looking back at (2.4), this means that the

three-dimensional Riemann tensor is fully determined in terms of the Ricci tensor, the Ricci

scalar and the metric:

R,uzzpo = Q(QM[pRO']V - gu[pRU]u) - gu[pga]uR : (27)

Now recall the form of the vacuum Einstein equations (VEE) with cosmological constant:
1
R, — iRg“V +Agu =0. (2.8)

7



When these equations hold, they determine the Ricci tensor and Ricci scalar as functions of
the metric components, regardless of the dimension of our manifold. Indeed, taking the trace
of (2.8) gives R = -2 A, which fixes the Ricci scalar. Substituting back into the VEE, we

arrive at R, = %Agw, which for n = 3 takes the form
Ry, = QAQ/W . (2.9)
Then equation (2.7) becomes

R,uzzpo = A(g,upgou - g,uagpl/) (210)

Notice that no derivatives of the metric appear in the on-shell Riemann tensor. In classical
three-dimensional gravity, the curvature of spacetime at a given point only depends on the
components of the metric at such point. In this scenario, the metric degrees of freedom of two
neighbouring points cannot interact, and hence these degrees of freedom cannot propagate.

In summary, there are no gravitational waves in three dimensions.

2.2 The Chern-Simons action

The absence of propagating degrees of freedom might even mean that classical 3d gravity is
a topological theory, this is, a theory whose classical phase space —the space of solutions
to the equations of motion, modulo gauge transformations— only depends on the topology
of spacetime. We will make this explicit in section 2.4 by showing that the Einstein-Hilbert
action is equivalent to the action of a well-known topological field theory: Chern-Simons
theory. But, for now, let’s review the main features of classical Chern-Simons theory [2].
Let (M, g) be an oriented spacetime manifold of dimension three and G be a compact,

simple Lie group!. Choosing a basis {T%} for Lie(G), let
A= Ay(xv)dxt,  Au(r) = Aj(2)T, € Lie(G) (2.11)

define the vector potential for a gauge theory with gauge group G. (Mathematically, A is a

connection 1-form on a principal G-bundle.) The Chern-Simons action for A is
k 2
Scs[A]:/ Tr(ANdA+-ANANA| . (2.12)
47 M 3

Here k is a coupling constant, called the level of the theory, and Tr is a non-degenerate,
invariant? bilinear form on Lie(G) (e.g., the matrix trace in a suitable representation). In

spite of its rather awkward form, the Chern-Simons action is of course invariant under gauge

'Some of the hypotheses imposed on G can be relaxed.
2Let V be a representation of a Lie algebra g over a field K. A bilinear form B: V x V — K is called
invariant if
B(Xv,w) 4+ B(v, Xw) =0

for all X € g and v,w € V. In this essay, invariant form are always defined over V = g = Lie(G) with the
adjoint representation.



transformations. For some purposes it could be useful to have a component-explicit form of
the action. Say [T,, Ty = f&, T and kg = Tr(T,T}) , then?

k 1
SeslA] =~ /M A3/ =g Kap PN <A§8AAZ + 545 ffdAgAg> : (2.13)

What are the classical equations of motion for the action (2.12)7 Under an infinitesimal

variation A — A + 0 A, the change in the action is [11]

Tr(5A A F[A})} (2.14)

5Scs|A, 54] = 4’;{/ dTr(A/\éA)+2/
M M

where F[A] .= dA+AAA is the field strength (curvature form) of A. Applying Stokes’ theorem
to the first term in this expression gives [, Tr(A A 6A), which vanishes after requiring that
dAlgp = 0. The extremal points of the action are then be given by

|FlA]=dA+ANA=0] (2.15)

So the classical solutions of Chern-Simons theory are those field configurations that have a
vanishing field strength. Mathematically, these solutions correspond to flat connections on
some principal G-bundle P over M.

Let’s finish this section by showing that Chern-Simons theory is indeed a topological
theory. For gauge group G and spacetime manifold M, equation (2.15) defines the classical
phase space of the theory as

Sma = {(P,A): P — M principal G-bundle, A flat connection on P}/ ~, (2.16)

where (P, A) ~ (P’, A") if and only if there exists a isomorphism of principal bundles ¢: P —
P’ such that ¢*A’ = A (this is just a formal way of saying that A and A’ are related by a
gauge transformation). The relationship between the classical phase space and the topology

of M is then provided by the following theorem:

Theorem 2.1 (Classification of flat connections). The set § M,G 18 1n bijective correspondence
with the set Hom(m1(M); G)/G.

Here, m1(M) denotes the fundamental group of M, which is a topological property, and
Hom(71(M); G)/G denotes the set of orbits of Hom(7; (M), G) under the action

G x Hom(m1(M); G) — Hom(m(M); G)

o (2.17)

(9,0) — 0'(-) =gp(")g

I will not give a full proof of the theorem, the interested reader can find it in [12, §13.9]. It

will be enough for us to know that the correspondence works in the following way: each flat

®The structure constants come from (A A A),, = 2A[, A, = [Ay, A)] (recall that we are working with Lie
algebra-valued 1-forms).



connection [(P, A)] is mapped to the homomorphism [p4] € Hom(m(M);G)/G that takes
a loop [y] € 7 (M) with basepoint = to its holonomy at any chosen p in the fibre of z,
ha~(p). This correspondence shows that the space of solutions of Chern-Simons theory is

fully determined by the topology of M, hence the theory is topological.

Remark. The careful reader will have noticed that I have silently assumed the gauge invariance
of the Chern-Simons action, which is not obvious from the form of the action. A possible
proof would involve showing that, if Y is a 4-manifold with boundary M, the —manifestly
gauge-invariant— action [, Tr(F' A F) is a total derivative that reduces to the Chern-Simons
action on M [14]. But this computation is not too relevant for our purposes, so I have chosen

to leave it out.

2.3 The first-order formalism

The relationship with Chern-Simons theory does not come directly from the standard form
of the Einstein-Hilbert action. We have to first shift to what is often known as the first-
order formulation of gravity, as opposed to the more conventional metric —“second-order” —
formulation. This section mainly follows [2, §2.5], with some material coming from [7, §2.4]

as well.

2.3.1 The Palatini action

Let’s start by introducing the two objects that will act as fundamental variables when we
move to the new formalism: the triad and the spin connection. A triad or dreibein is a
section {e, = €40, } of the orthonormal frame bundle of TM, the tangent bundle to M. The

orthonormality condition is

guuegez = TNab (2'18)

The dreibein is an orthonormal basis of vector fields over M, and so it has a dual basis, given
by e}, = n"“guel. By definition, el‘jef = 0y. In addition, the dual basis satisfies the following
identity:

nabeze?/ = Guv, (2.19)

or, equivalently, ejeq = (5}1. These properties mean that we can effectively raise and lower
Greek indices with g, and raise and lower Latin indices with 74,. The spin connection wabu

is defined as a collection of connection 1-forms
(W) = e;Vyuey =Tee), . (2.20)

The most important property of the spin connection is antisymmetry in its Minkowski indices,

(Wap)p = —(wpa)u- The dreibein and the spin connection also satisfy the so-called Cartan

10



structure equations:

de® +wy Ne’ =0, (2.21)
dwab =+ (JJaC A wcb = Gab, (222)

where 0%, = %R“bcdec A e are the curvature 2-forms. The curvature 2-forms encode the

components of the Riemann tensor with respect to the dreibein:
et eq(0% ) = Riyeq - (2.23)

Remember that the objective of this part of the essay is to get a gauge theory out of the
three-dimensional Einstein-Hilbert action. In the gauge theory formulation, the Minkowski
indices associated to the frame fields will become component indices of the Lie algebra of
the gauge group. Formally, a gauge field is a Lie algebra-valued 1-form, so we should seek
for 1-forms that have only one Minkowski index. Obtaining an object of this kind from
the dreibein is of course an easy task: one can always consider the dual field e* = ej;dz*.
Ideally, we would like to do something similar with the spin connection. In three spacetime
dimensions, this is possible thanks to the existence of the completely antisymmetric tensor

Eabc:

a 1 CLbC(

1
W= ge Whe) pdat = §5abcwbc = Wep = —Eqpew’ . (2.24)

With a similar trick, and making use of the second Cartan structure equation (2.22),

1 1
@a = 58(1,})0@{)6 = dwa + Egabcwb A\ wc7 (225)
The idea behind the first order formalism is to stop using the metric as the dynamic variable
of the theory and start using the triad and the (modified) spin connection w® instead. From
this new perspective, the metric is just the function of the dreibein given by equation (2.19).

In terms of the new variables, the Einstein-Hilbert action (0.1) takes the form

1 1 A
Ignle,w| = e /M {ea A <dwa + isabcwb A wc> — g&zbc@a Aeb A ec} , (2.26)

sometimes called the Palatini action. To reproduce this result, one has to show that

2 / " NO, = / Eabee® N O = / v/ —gR. (2.27)
M M M

and
/ Eapc® NP N ef = 3!/ ddx/—g, (2.28)
M M
which is straightforward once in possession of the following bits of information:

1. Equation (2.19).

2. Equation (2.23).

11



m

— Y 5 _
3. Eabe = €(€a, eps ) = eqeyese(Ou, 0y, 0x) = eaeyesc s -

4. Equation (0.6), case n = 3.

2.3.2 Equations of motion

The next step of the analysis is extracting the equations of motion associated to this action.

On the one hand, the equation coming from the variation of w is

Ty =|deq + qpew’ N e =0]. (2.29)

This is the “no torsion” condition, which can be interpreted as a compatibility condition

a

between the spin connection and the dreibein. As long as ej;

is invertible, the equation can
be solved for w.

On the other hand, varying e leads us to

1 A
0% = |dw, + isabcwb Aw® = geabceb Aell, (2.30)
which is just the condition that spacetime has constant curvature:
Oup = —€apcO° = Aeg Ney . (2.31)

Let me stress here that the equivalence of the first- and second-order formalisms is
only partial: the first-order field equations only yield a solution of the second-order equations
when the triad e}, is invertible. For classical applications, the requirement of invertibility is a
natural one, but non-invertible triads could in principle be important in the quantum theory
[2].

2.3.3 Symmetries of the first-order Einstein-Hilbert action

Up to boundary terms, the Palatini action is invariant under two sets of local symmetries:

local Lorentz transformations,

et = 6aLbc
¢ e , (2.32)
dw® = dr® + e®wyr,
and local translations,
5e® = dp® + %
Y \ bPc (233)
ow® = —AeCepp,

These symmetries can be traced back to the familiar diffeomorphism invariance of the Einstein-
Hilbert action. Let’s see how.
By definition, the change of a general tensor field under the infinitesimal diffeomorphism

generated by a vector field € is given by its Lie derivative with respect to £&. When the tensor

12



field is a 1-form, its Lie derivative can be expressed as
Leo =d(igo) +iydo=d(§-0)+&-do, (2.34)

Here i¢Z denotes the (¢ — 1)-form resulting from contracting £ with the first index of some
g-form Z. Applying this reasoning to the 1-forms e* and w®, the change in e and w under

the infinitesimal diffeomorphism generated by £ is

0t = Lee® = d(€-e") + & de® = d(€ - e®) + ™ wy(E - ec) + £ Cen(€ - we)

(2.35)
+ (terms proportional to the e.o.m.) ,
0wa = Lew? = d(& - w?) + € - dw® = d(€ - w®) + ePCwp(€ - we) — AeCey(€ - e.) (2.36)
+ (terms proportional to the e.o.m.) . .
These may be recognized as (2.32) + (2.33) with parameters
pr=E& e, T'=¢-w". (2.37)

Hence (2.32) + (2.33) are equivalent, on-shell, to infinitesimal diffeomorphisms.

2.4 Chern-Simons formulation of 3d gravity

We are now ready to tackle the Chern-Simons formulation of three-dimensional gravity. Fol-

lowing [14], the cases A = 0 and A # 0 are treated separately. In each case I will:
i. provide a explicit construction of the Chern-Simons theory,
ii. show the equivalence of the theories at the action level,
iii. relate their equations of motion, and

iv. relate the gauge transformations of the Chern-Simons theory to the symmetries of the

gravitational action.

2.4.1 Zero cosmological constant

Construction of the theory. A Chern-Simons action consists of three primary compo-
nents: the gauge group G, an invariant and non-degenerate bilinear form on Lie(G), and the
gauge potential A.

Let’s first specify the gauge group of the theory. In the absence of a cosmological con-
stant, the 3d Einstein’s equations prescribe the flatness of spacetime?®. The simply connected
covering base of such a spacetime is Minkowski space, which has isometry group ISO(1,2).
The dreibein expresses this covering by mapping the tangent coordinate basis at each point

to the standard vector basis of Minkowski space; hence we can expect some sort of ISO(1,2)

“In three spacetime dimensions, R, = 0 (Ricci flatness) = R0 = 0 (flatness); see section 2.1.

13



symmetry from this object. Having already stated our intention of building the gauge po-
tential out of the dreibein (and the spin connection), it seems that basing our theory on
G =1S0(1,2) would be sensible.

Next, we need to make sure that iso(1,2) = Lie(ISO(1,2)) admits an invariant and
non-degenerate bilinear form. Let J denote the generators of Lorentz transformations and

P? denote the generators of translations. These obey

[Jab ch] — naCde . nadec . anJad . anJad + 77deac

(2.38)
[JCva PC] — ,r]zchb . nbcPa’ [Pa’ Pb] —0.

In three spacetime dimensions, J% can be replaced by the more convenient J¢ = %e“chbc.

The commutation relations then become

[Ja, Jb] — EabCJc,
[Ja’ Pb] = EabCP07 (239)
[P%, P’ =0.

We can define an invariant and non-degenerate bilinear form on this algebra by

k(J9, Jb) = k(P P) = 0 (2.40)

K(J%, PY) = 1o = k(P JO) }
(checking that  has the desired properties is straightforward). From now on, we will denote
K(X,Y) =Tr(XY). (2.41)

The last ingredient of our theory is the gauge potential, which we will define to be

Ay = e Py +wpda € is0(1,2)). (2.42)

We can think of A as belonging to the adjoint representation of ISO(1,2), as expected for a
gauge field.

Equivalence at action level. Recall the form of the Chern-Simons action:

2
SCS[A}:ﬁT/MTr<A/\dA+3A/\A/\A>

i ] (2.43)
=—— [ /=g Tr <ApaAA,.; + S A Ay, AN]> :
4 M 3
For the gauge field defined in (2.42), the commutator in this expression is
[Ax, Ax] = €ape(€bw? — e%wh) PE + €qpewin’ JC . (2.44)

14



Substituting this and (2.42) into (2.43) and applying the definition of Tr gives

k
ScslA] = i /M d®z/—g epA”ez(ﬁAw% — OxWar + eabcwl)’\wg)

k
i y dxy/—g EPA"‘(waA&eg + eﬁ@,iwak) )

(2.45)

Meanwhile, setting A = 0 in the first-order Einstein-Hilbert action (2.26) leaves us with

1 1
Ipg = e /M e’ A (dwg + §5abcwb Aw). (2.46)
In component form:
1
Ien =155 | d*wr/=g P el (Orwar — Ontar + EabewS W) (2.47)

This matches the first term in (2.45) after setting k = i and noticing that e.p. = €qpe (S€€
“Conventions and notation”).

If the second term in (2.45) is a boundary term, we are done. Happily for us,

/ e Nwg = / d(e* Nwg) = —/ >/ —g EPA”(wa,\aﬁeZ + €50kWan) , (2.48)
oM M M

ergo, up to boundary terms, the Chern-Simons action that we have constructed is equivalent
to the A = 0 Einstein-Hilbert action.

Remark. The argument above relies on the equivalence of the first- and second-order for-

malisms of gravity, which is only valid under the assumption of an invertible dreibein.

Relationship between equations of motion. Substituting A = P, + w®J, into the

equations of motion of the Chern-Simons action gives

0=(dA+ANA), = ((dec)w + f-:cab(ezwg — e“wb)) Pc

1 , (2.49)
+ ((dwc)w, + iacab(w/’jwy — wﬁwﬁ)) JC.
The generators {P,, J.} form a basis for the Lie algebra, so this is equivalent to
dea ke N0 L (2.50)
dwg + 5Eqpew® N wl=0

which —as seen in (2.29)—(2.30)— are the equations of motion of the A = 0 Einstein-Hilbert

action in the first order formalism.

Relationship between symmetries. A natural question at this stage is how to interpret
the ISO(1, 2) gauge symmetry from the point of view of the gravitational theory. Is it related

in any way to the diffeomorphism invariance of the Einstein-Hilbert action?
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To answer these questions, consider an infinitesimal gauge transformation Q(x) =
") ~ 1 4 u(x) + ... with

u(z) = p"(@)Pa+ 1) 0y [P, [T < 1. (2.51)
Gauge invariance requires that the variation of A, under such transformation is
0Ay = Dyu, (2.52)

where, by definition,
Dyu=Vyu+[Ay,ul =0u+ A, u]. (2.53)

Inserting the definitions of A and wu into this expression,
[Ay,u] = gabceZTch + 6abcwl‘jpbPC + €abchTch , (2.54)

so we arrive at

ey, = Oup® + " epuTe + € Whppe } ) (2.55)

dwy = O, + 5“bcwaTc

The above expressions agree with those describing the “local Lorentz transformations” (2.32)
+ “local translations” (2.33) symmetry of the first-order Einstein-Hilbert action in the case
of a zero cosmological constant. Since these transformations are equivalent, on shell, to
infinitesimal diffeomorphisms, so are the gauge transformations of our Chern-Simons theory.

This representation of infinitesimal® diffeomorphisms as gauge transformations is char-
acteristic of topological field theories. The advantages of replacing the labyrinthine diffeo-
morphism group with pointwise gauge transformations become obvious, for example, when
negotiating the quantization of the theory [2]. The quantization of Chern-Simons theories is,
in particular, relatively well understood; hence our commitment to a Chern-Simons formula-

tion of gravity.

2.4.2 Non-zero cosmological constant

We would now like to generalize the construction to include a cosmological constant. In this

section I will use g to denote the Lie algebra of a Lie group G.

Construction of the theory. For non-zero values of the cosmological constant, solutions
to the 3d Einstein’s equations are no longer flat, but locally homogeneous spacetimes. The
simply connected covering base of such a spacetime is not Minkowski space, but de Sitter
(A > 0) or anti-de Sitter (A < 0) space®. The isometry group of these two spaces is not
ISO(1,2), but SO(1,3) and SO(2,2), respectively. Drawing on the reasoning from the A =0

5“Large” diffeomorphisms (those that cannot be smoothly deformed to the identity) must be treated
separately. Although mostly overlooked in this essay, these symmetries play an important role in the quantum
theory.

SCartan geometry might be a more suitable framework to conduct the analysis.
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case, we may guess that 3d gravity with a non-zero cosmological constant will be related to
Chern-Simons theories of these latter groups.
The Lie algebras of both SO(1,3) and SO(2,2) are connected to iso(1,2) via the fol-

lowing group contraction”:

[Jaa Jb] = 6achca [Ja, Pb] = 6abc-PC7

(2.56)
[Paa Pb] = —AeapeJ .
Observe that, if A = £1/I2, then
P, s0(1,3) if A>0
spangpd{ J,, Py} = spang < J,, — p = , 2.57
pang {Jo, Fu} = sp R{ l} {50(2,2) ifA<0 (257)

as advertised above.

We could now repeat what we did for A = 0: introduce a SO(1,3) or SO(2,2) gauge
potential A = e*P, 4+ w®J,, show that the corresponding gauge transformations are of the
form (2.32) + (2.33) and, using the bilinear form (2.40), find that the Chern-Simons action of
A comes out to be precisely the first-order Einstein-Hilbert action (up to possible boundary
terms).

Let’s try a different route instead. We start by performing the change of basis

1 1
Jt=C-(J,+—P, ), 2.58
Foy (0 ) (259

(requires A # 0). For A > 0, v/—A is complex, which means that we have implicitly moved

to s0(1,3)c. In any case, the commutation relations become simply:

[J;—a*][;r] = eabcj+ca
[Ja_a Jl;] = 6ach_Ca (259)
727y 1 =0.

These are the commutation relations of two mutually commuting copies of so0(1,2) = s[(2,R)
(SL(2,R) is the double cover of SO(1,2) [9]). For A < 0, this has the following straightforward

interpretation:
50(2,2) =s0(1,2) & so(1,2) = sl(2,R) & sl(2,R) = sl(2,R) x sl(2,R), (2.60)

where s[(2,R) x s[(2,R) denotes the Lie algebra of the group SL(2,R) x SL(2,R). For A > 0,

the interpretation is a bit more involved. In this case, the splitting (2.59) is

s0(1,3)c = (sl(2,R) @ sl(2,R))c = sl(2,R)c @ sl(2,R)c. (2.61)

"When comparing to [14], be careful to note that what Witten calls A corresponds to —A in my conventions.
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Then, noticing that SL(2,R)¢ = SL(2,C) = SU(2)c,
5[(2,C) @ sl(2,C) = su(2)c @ su(2)c = (su(2) ®su(2))c = (su(2) x su(2))c . (2.62)
Now define the connection A = A*%.JF with
AT =+ /A e?, (2.63)

The above splittings allow for the interpretation of A as two g-valued connections, A(t) =
AteL, and A) = A=°L,, where

— G =SL(2,R) or SO(1,2) for A <0,
— G =SU(2) for A >0,

and {L,} are the images of JF under the splitting.

This Lie algebra g admits an obvious non-degenerate, invariant bilinear form:
K(Lay Ly) = napy = 2 Tr(LoLyp) - (2.64)

The factor of two has been added for conformity with [7].

Remark. For the rest of this section, I will use the notation

e=e"Ly, w=w'l,. (2.65)
Observe that:
1 a 1b 1 abc
wAw = §[L y L we Awp = 2 (wg ANwp)Le (2.66)
wAeteAw=[L L0 (wq Aep) = €¥(wy Awp)Le (2.67)
1 abc d 1 abc
Tr(e NeANe) = ¢ Tr(LgL:)(e" Neq Aep) = € (ea Nep Neg) . (2.68)

Equivalence at action level. Our starting point will be the action
S[AH), A = Ses[AD)] — Ses[A)]. (2.69)

with the assumption that the levels of the “plus” and “minus” components of the action are
equal; ky = k_ = k. Substituting A®) = w + v/—Ae into the right hand side of (2.69) and

expanding,

k:r

S[AH), A = 2Tr{e/\ dw—i—w/\w)—ge/\e/\e—d(w/\e)} . (2.70)
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—1

. _ 1
Then, setting k = G/K = 1GVE’

S[A™), A = Ignle, w] + (boundary terms). (2.71)

This proves the classical equivalence between S[A(*), A(-)] and the Einstein-Hilbert action.
If the last step seems unclear, check (2.66) and (2.68) and compare with (2.26).

Relationship between equations of motion. The equations of motion of the Chern-

Simons formulation are

dA) £+ A A A =0
(2.72)
dAG) + A A AG) =0
If we add them, we get
dv+wAhw—AeNe=0, (2.73)
or, equivalently,
1 A
dwg + iaabcwb Aw® = §€abcea A e (2.74)
Subtracting them, on the other hand, gives
de+whe+eANw=0, (2.75)
which, using (2.67), is equivalent to
deq + eqpew’® Ne€ = 0. (2.76)

These are exactly the equations of motion that we got out of the Palatini action —cf. (2.30)
and (2.29).

Relationship between symmetries. In the (AT), A(5)) picture, consider the infinitesi-

mal gauge transformation generated by
u®) (z) = pF)(2) L. (2.77)
The variation in the gauge fields would be

SARE) = DEYE) = 5,4 4 [A®) L)
¢4+

(2.78)
_ (% pl(li)> L%+ e (wz + VA€, ) pEere.
In terms of w® and e%:

a_ L (514 (-)a Lo Ha . (—)a

dw :f<5A +5A ):auf(p + pay
D 1 1 92 (2.79)

e () + 7)) — Meeer ——— () = ) |
M2 c c o 2\/1 c c ’
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1 1
Sel — SAHa _s4(=)a) _ g (Ha _ ,(—)a
“T9/-A (545 ) bagx W (2.80)
abc 1 - aoc 1 - .
+ g Wbuﬁ (Pﬁﬂ - Pﬁ )) — Cbu §(P£+) - '0«(: )>’

These transformations are of the form (2.32) + (2.33) with

_ o 1 _
£+)_p£ ))7 . :i(p(+)+p( ))_ (2.81)

c

Therefore, as in the A = 0 case, the gauge transformations of the Chern-Simons theory are

equivalent, on-shell, to infinitesimal diffeomorphisms.
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3 Chern-Simons theory and dS; quantum gravity

The first part of this essay is written from an entirely classical point of view, raising the
question of whether the relationship between three-dimensional gravity and Chern-Simons
theory extends to the quantum level. Non-pertubatively, the path integrals of the two theories
seem to have very distinct features, but the equivalence could still hold at each order in
perturbation theory like AdS/CFT does. The objective of the present section is to test this
hypothesis by performing some explicit computations in dSs quantum gravity.

Section 3.1 introduces the reader to dSs quantum gravity, putting later computations
into context and describing the most important features of dSg spacetime. The actual com-
putations are performed over the course of sections 3.2 and 3.3, with the former discussing
tree-level results and the latter extending the analysis to the one-loop level.

This section draws heavily on [4].

3.1 Introducing dS; quantum gravity

The term “de Sitter gravity” refers to any theory of gravity whose classical action is the
Einstein-Hilbert action with positive cosmological constant. The name comes from the max-
imally symmetric solution of this action, de Sitter space, which finds widespread application
as one of the simplest models of a universe in accelerated expansion. Despite its relevance for
theoretical cosmology, our understanding of de Sitter quantum gravity is very limited; partly
because it is hard to construct string theory solutions that contain a solution of Einstein’s
equations with positive cosmological constant, and partly due to the absence of a holographic
description.

The situation is somewhat different in three spacetime dimensions. In this case, the
Chern-Simons formulation discussed in the previous section can offer some hope for de Sitter
(dS) quantum gravity. Recall that the 3d Einstein-Hilbert action is equivalent to a Chern-
Simons theory based on the group SO(1,3) when A > 0 and SO(2,2) when A < 0. Most
standard Chern-Simons methods require a compact gauge group, which is problematic be-
cause neither of these groups is compact. The advantage of the A > 0 case in this scenario is
that a Wick rotation turns SO(1, 3) into the compact SO(4). This feature makes the analysis
significantly easier in dSs, giving it the edge over its cousin AdS; —at least in a Chern-Simons

context.

3.1.1 Contextualizing the computation

In order to define quantum field theory in a fized curved background, dSs in this case,
it is necessary to choose a vacuum state. The canonical choice is the Hartle-Hawking (or
FEuclidean) vacuum state, defined by analytic continuation from Euclidean signature. To
make a long story short, field theory correlation functions are first computed on the sphere S3
—the natural Euclidean continuation of Lorentzian dSs— and then converted to Lorentzian

signature via analytic continuation. This gives field theory expectation values in a particular
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vacuum state: the Hartle-Hawking vacuum state.

The Hartle-Hawking state is defined by a path integral in Euclidean signature. When
gravity is neglected, the path integral is performed over a fixed background geometry —as
in the previous paragraph. But if we allow for a dynamical spacetime, all solutions to the
(Euclidean) gravitational equations of motion start contributing to the path integral, and
therefore to the definition of the Hartle-Hawking state. The contribution of the different
classical solutions is usually entered into the path integral as an infinite sum over geometries.

In this picture, the gravitational partition function is given by the norm of the Hartle-
Hawking state, so we expect this function to also feature a sum over geometries. This leads to

the following proposal for the partition function of dS quantum gravity in Euclidean signature:

7=%" / Dyl e e =3 7, (3.1)
M M

where

e Ip[M,g] is the Euclidean dS gravity action (usually the Euclidean A > 0 Einstein-
Hilbert action),

e the brackets indicate that we are integrating over equivalence classes of metrics under

the action of the diffeomorphism group, and

e the sum is performed over the set {(M, g(™))} of solutions to the Euclidean equations

of motion.

The geometries that we are summing over are, by definition, saddle points of Ig, so we can

approximate
1
Zy = exp <—k:[g)) + Ig) + %Ig) +.. > ‘ . (3.2)
(M, gtD)

Here Ig) [M, g™™)] denotes the quantum correction to the action at i-th order in perturbation
theory. Observe that we have made the dependence of the dimensionless coupling constant
k = 1/4G (the dS radius in Planck units) explicit by taking the powers of k out of the
definition of the corrections.

For this approach to be successful, we should be able to:

1. Identify the (potentially infinite) set of classical solutions {(M, g(*))}.
(4)

2. Compute the quantum corrections [ El around each classical saddle, at all orders.

The plan for the next two sections is to carry out all of task 1 —in section 3.2.1— and
part of task 2 —in the remaining sections. For task 2, we aim to evaluate the zeroth-order
(tree-level action) and first-order (one-loop determinant) corrections on two classical saddles:
M = S% and M = L(p,q). In each case, the results obtained in the metric formulation will
be compared to their Chern-Simons analogues. But first, let’s review some basic features of

dS3 spacetime.
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Figure 1. A static patch on the Penrose diagram of dSs. The observer that defines the patch
travels along the p =0 geodesic, measuring a causal horizon at p = w/2. Adapted from [5].

3.1.2 Basic features of dS3; spacetime

The material for this section is sourced from [5, §2.1].
Three-dimensional de Sitter space can be viewed as a timelike hyperbola embedded in

4-dimensional Minkowski space:
napXAXP =1, nap = diag(-1,1,1,1), (33)

where A, B € {0,1,2,3} and [ is the de Sitter radius. From this definition, it is clear that the
isometry group of dSz is SO(1, 3).

de Sitter space pictures an universe in accelerated expansion. In this universe, an
observer moving along a timelike geodesic will see distant objects recede with a speed pro-
portional to their distance to the observer. Given enough time (and ignoring bounding
interactions like gravity), distant objects will lose causal contact with our observer, becoming
hidden behind an horizon. The region of spacetime in causal contact with such an observer,

depicted in Fig. 1, is called the static patch. A possible coordinate system for this region is

X% =Jcospsinh T
X! = lc‘os,ocoshT (3.4)
X? =lsinpcos¢

X3 = [sinpsingp

with 7 € (—00,00), p € [0,7/2) and ¢ € [0,27). This system has the observer sitting at
p = 0, while their causal horizon lies at p = 7/2. In these coordinates, the (induced) metric

becomes:
ds® = napdXAdXE = —12 cos? pdr? + 1Pdp® + 1% sin® pdp? . (3.5)

But remember, the Hartle-Hawking state is defined as a Euclidean path integral, so we
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need to switch to Euclidean signature. Euclidean de Sitter space can be defined through the
global Wick rotation X% — X% = iXY, giving a 3-sphere d4pX éX g = [2, yet this seems
overly restrictive. After all, we observers are only interested in correlation functions defined
over our static patch, for that is everything that we may ever know about. Under this point of
view, it suffices to perform the Wick rotation in the region corresponding to the static patch.
A look back to (3.4) reveals that —thanks to the identity sinh(i7) = isin7— the change
X0 - X% = iX° can be achieved by means of 7 — 7p = iT; exactly what the observer
defining the patch would call a “Wick rotation”. Under this transformation, the Lorentzian
static patch metric becomes

2
ds = cos? pdri + dp? + sin® pdy?, (3.6)

2
which has the same form as the round metric on S? in Hopf coordinates. Regularity at the
horizon p = 7/2 requires 7y ~ T + 27, consistent with 75 being an angular coordinate in
S3.

Lastly, if global Euclidean de Sitter is just the 3-sphere with the round metric, then its
isometry group must be SO(4). A useful way to think about the isometries of the 3-sphere
is through the isomorphism SO(4) = (SU(2) x SU(2))/Za, where the two copies of SU(2)
represent the left and right multiplication actions of SU(2) 2 S2 on itself and the Z? quotient
arises because (12,12) and (—12,—12) act in the same (trivial) way. At the level of Lie
algebras, this isomorphism identifies so(4) —the Wick-rotated so(1, 3)— with su(2) & su(2).

3.2 Tree-level partition function

The ultimate goal of this section is to show that the Chern-Simons formulation of Euclidean
dSs3 gravity correctly reproduces the tree-level action of a graviton on S and L(p,q). This
objective is achieved in three steps. First, in section 3.2.1, we identify the classical saddles of
Euclidean dS3. Next, in section 3.2.2, we use the metric formulation to set benchmark results.
Finally, in section 3.2.3, we compare these results to those obtained using the Chern-Simons

formulation.

3.2.1 Classical saddles

For a theory described by the Lorentzian action I[g], the effect of a Wick rotation t — tp = it

on the path integral is expressed as

Zr = / (Dylarelel = / (Dylare"=l91, (3.7)

where the “Euclidean action” Ig[g] := —il[g] is another action of the metric that is defined

integrating over the new Euclidean coordinates. In our case, I[g] is the Einstein-Hilbert
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action with A = 1/I? > 0, which gives

1 5 2y _ 1 3 _2
167FG/Md:EE\/gE<R l2>_ 167rG/Mdm\/§<R l2> (3.8)

The change to Euclidean signature can be regarded as a coordinate change in a complex

Iy =~

coordinate space, so the equations of motion —computed in section 2.1—, which are written

in coordinate-invariant form, are still

2
Ry = S5 - (3.9)

This is equivalent to requiring that solutions are locally isometric to S3. These geometries —
collectively referred to as spherical 3-manifolds— have been fully classified in the literature
[13]: they are of the form S3/T, with T' a discrete, freely acting subgroup of SO(4), the
isometry group of S3. There is an infinite and countable number of choices for I', thus
confirming our prior guess that the set of classical solutions of Euclidean dS3 gravity could
be infinite. In the rest of this essay I will focus on two saddles in particular: the 3-sphere S3
and the lens spaces L(p, q).

The lens spaces can be defined as the family of spherical 3-manifolds S3/I" with
cyclic I'8. They are denoted by L(p, ¢), where p € NU {0} indicates the order of the group I'
and ¢ € {0,1,...,p—1} coprime with p represents different ways in which I" = Z,, can act on
S3. More specifically, the lens space L(p, q) can be constructed by considering the following
identification on S = SU(2) [4]:

SU(2)>g ~ LgR, (3.10)

with (L, R) € (SU(2) x SU(2))/Zs defined as
(1+q)/2 (1—q)/2
w 0 w 0 i
b= < ' 0 —(1+q)/2> , R= ( ' 0 —(1—q)/2> , wp=¢ . (3.11)

Wp Wp

This generates a Z, quotient because (L, R) is a p-th root of unity in (SU(2) x SU(2))/Z,.
Although the lens spaces inherit the round metric from S3, they will have in general different
periodic identifications on the coordinates (7g,¢). While in the 3-sphere the identifications
are

(78, 9) ~ (T8, ) + 2n(m,n) ¥V n,meZ, (3.12)

in L(p, q) they are

(tE,p) ~ (TE, ) + 27 <ZL, m;+n> VnmeZ. (3.13)

8 Another characterization of lens spaces is that they are the spherical 3-manifolds S® /T with T abelian.
This is because the discrete, freely acting subgroups of SO(4) are either cyclic or a central extension of a
dihedral, tetrahedral, octahedral or icosahedral group [4].
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Remark. Observe that the 3-sphere is technically a lens space: the trivial L(1,0) = S°.

In the G < [ limit (so k > 1), the zeroth order term —the on-shell action— dominates
the sum in (3.2). As we will see in the next section, the on-shell action evaluated on a
saddle M is proportional to minus the volume of M. As a consequence, the 3-sphere will be
the leading contribution to the sum over geometries, matching our intuition that S2 is the
“natural” Euclidean continuation of dSs and justifying that we elevate this saddle over the

rest.

Remark. Not all saddles contribute to the Lorentzian path integral; only those that lie on
the contour of stationary phase after rotating to Euclidean signature. This essay does not
attempt to give a precise answer to the question of which saddles actually contribute. A
possible way to motivate the inclusion of S% (resp. of the lens spaces L(p,q)) in the path
integral would be to argue that correlation functions defined by analytic continuation from
this saddle describe a canonical ensemble state at fixed temperature (resp. grand canonical

ensemble state at fixed temperature and angular potential) —see [4, §2.1].

3.2.2 Metric formulation computation

In the metric formulation, the on-shell action of a generic saddle can be obtained by substi-
tuting (3.9) into the Euclidean action (3.8):

1 k
RIS M, ) = ToM, o] = — /M d’x\/g = ~~ Vol(M), (3.14)

For M = S3/T, since |I'| < oo and T is acting freely on S3:

3
I, M = —— = — . 1

The full zeroth-order partition function is, therefore,

7(0) _ Ze’lg)[Mvg(M)] _ Z exp <2|7sz> . (3.16)

M S8/
In particular, for M = S% = §3/1 and M = L(p,q) = S3/Z,:

A I 4 (3.17)

As we had anticipated, the contribution from the 3-sphere dominates the sum because
the on-shell action is proportional to the volume of the saddle. The contributions from other
saddles —including the lens spaces— include a factor of 1/|I'| in the exponential and hence
will be suppressed by factors which are exponentially large in k. Since & — oo (G — 0)
is the semiclassical limit of the theory, we can interpret the latter as low energy quantum

gravitational effects [4, p. 10].
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3.2.3 Comparison with Chern-Simons

We conclude the tree-level analysis by reproducing the above results using Chern-Simons
methods.

As noted in section 2, the whole Chern-Simons formulation of three-dimensional grav-
ity relies in our ability to construct a 1-form w® from the spin connection wgy, for which
we resort to the volume form e45.. In our conventions (outlined in the “Conventions and
notation” section), the behaviour of the volume form is slightly dependent on the signature
of the spacetime metric: while the volume form itself is always defined as €45 = v/|9|€ape, its
“all indices raised” version £%¢ takes the form £%¢ = :I:ﬁeabc, where the plus sign corre-
sponds to the Riemannian case and the minus sign corresponds to the Lorentzian one. This
sign difference reflects in the contraction identities for the volume form —see (0.6)— and
ultimately propagates® into the defining equations of the first order formalism. In summary,

in the Euclidean (Riemannian) case:

e the relationship between the dreibein and the metric is not (2.19), but

Guv = ezegéab; (3'18)
e the Palatini action is no longer (2.26), but

1 1 A
Igyle,w] = e /M {e“ A <dwa — §5abcwb A wc) — gsabce“ Aeb A ec} : (3.19)

and, as a consequence,

e the equations of motion (2.29)—(2.30) turn into

deq — Eapew? Aw® =0
Ca ™ Cabe AL } (3.20)

dwg — %Eabcwb Aw’ = %&?abceb A ef

Despite having previously discussed the Lorentzian case in section 2.4.2; the extra
minus sign spotted above makes the direct formulation of Euclidean dSs gravity as a Chern-
Simons theory subtle. A possible alternative approach, proposed by Witten [15], is to perform
the Wick rotation on the Chern-Simons side instead of in the gravity side. This requires
generalizing the Chern-Simons formulation of Lorentzian dSs gravity to allow for complex

Chern-Simons levels.

Chern-Simons formulation of Lorentzian dS; gravity using complex levels [5].

Consider a cosmological constant A = 1/I2 > 0. Choose a basis {L,} for su(2). Define a pair

9At first sight, it may seem as if removing all extra minus in the Riemannian case has no net effect. The
important thing to notice is that, if the dual spin connection is defined as w® = %Eabcwbc, the inverse relation

NOwW is Wap = Eabew® and *not™ wep = —€apew®.
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of SU(2) gauge fields AF) = AFL,, as

a

A®)e — o 4 /TR o :wa:tz'%. (3.21)
Let these fields have action
S[IAM), A = Seg[A)] 4 Seg[AT)]. (3.22)

So far, we are following the same steps as in section 2.4.2. Now, as a novelty, suppose that the
Chern-Simons levels of this theory can take complex values, ki, k_ € C. Such debauchery
comes at a price: not all values of the levels lead to a unitary, well-defined gauge theory. As
argued in [15], a parametrization of the levels that ensures that we get a theory with the

right properties is
ky =0+1is, k_=0—14s with d€Z,seR. (3.23)
Plugging these levels into the action (3.22) and setting s = —1/4G = —k gives
S[A®) A = Ignle,w] + 6 Igcsle, w] 4+ (boundary terms), (3.24)

where Igp|e,w] denotes the Lorentzian Palatini action (2.26) and

1 2 1
Igcsle, w) :%/ Tr{w/\dw+3wAwAw}—27Tl2/ Tr(e AT) (3.25)
M M

is the so-called gravitational CS action (here T is the torsion 2-form defined in (2.29)).
Observe that the addition of this term to the first-order gravitational action does not change
the equations of motion. This settles the equivalence between the first order formalism of 3d
general relativity and the Chern-Simons theory that we have just defined.

In fact, our current purposes do not need of the full generality of (3.23); we can set

6 = 0 and still proceed. In other words, it suffices to consider
ky = —ik, k_ =ik. (3.26)

Explicit form of A®) for the lens space geometries. Equation (3.21) hence estab-
lishes a correspondence between solutions of Einstein’s equations with positive cosmological
constant and classical Chern-Simons solutions. Our next task is to use this correspon-
dence to find the explicit form of A for the lens space geometries. In this segment,
Nap = diag(+1,+1, —1).
Recall that the Lorentzian static patch metric is given by
ds?

= dp? + sin? pdp? — cos® pdr? . (3.27)
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This metric can be written in terms of the dreibein
el =ldp, e*=lsinpdp, e*=lcospdr. (3.28)

A choice of dreibein determines a torsion-free spin connection through equation (2.29). For
the dreibein defined above, (2.29) implies

wrnet =wine?
1 3 3 1 _ cosp 1 2
wiAet —wi el =rglet Ne ; (3.29)
2 5,1 1,2 _ sinp 1,3
wNe —w Ae = Tcosp® Ne
which we can solve to get
1_ 2 _ 3 _
w =0, w*=-—sinpdr, w’=cospdy. (3.30)

Substituting the dreibein and the spin connection into (3.21):
A®) = 4iL1dp + (—sin pdr +isin pdyp) Ly + (cos pdyp + i cos pdr)Ls (3.31)
or, switching to Euclidean time 75 = i7,
AW = +iLidp + (xiLysin p + Ls cos p)dfy (3.32)

where 01 = ¢ + 7. It is straightforward to check that these connections are flat.
In [5], the shift to Euclidean signature is completed by a Wick rotation Lz — LY =il

of the algebra generators. If perform this operation on (3.32), we get
A®) = +iLdp + i(+Lysin p — LE cos p)dh , (3.33)
which matches their result.

Holonomies of A®). The objects that we have just computed are flat connections on
some principal bundle with structure group SU(2) and base manifold L(p, q). As such, they
are characterized by their holonomies around (homotopy classes of) non-contractible loops
in L(p,q) —see the discussion surrounding theorem 2.1.

More precisely, a flat SU(2) connection A on L(p, q) can be characterized as an homo-
morphism pa: w1 (L(p,q)) — SU(2) that takes [y] € m1(L(p,q)) to the holonomy ha~(r) €
SU(2) of A around v (where r is any element in the fibre of the basepoint of 7). The funda-
mental group of the lens space L(p,q) = S3/Z, is known to be m1(L(p,q)) = Z,. Say then
that this group is generated by a single non-contractible, order p loop that we denote by [vo].
Since the homomorphism pj4 is fully determined by the holonomy of A around this loop, so
is A. Moreover, the order of pa([yo]) has to divide |Zy| = p, so pa([y0]) must be (conjugate

to) a rotation by an angle 27n/p in SU(2) for some integer n which is defined modulo p. On

29



the whole, specifying n suffices to fully determine the flat connection A.

Applied to A®) the above argument implies that the round metric on L(p, q) is char-
acterized by the pair of mod p integers (n4,n_) which give the holonomies of (3.33). Let’s
calculate n.

In terms of the parameters #1 = p=+7g introduced in (3.33), the defining identifications
of the lens space L(p,q) —given in (3.13)— are

+1)—
0, ~ 0, 4 on TaED 1P

Vn,meZ. (3.34)
The n identification is just the familiar ¢ ~ ¢+ 27 identification of S, while the m identifica-
tion induces the non-trivial Z, quotient. The loop [yo] can thus be taken to be the constant p
cycle associated to the identification (m,n) = (1,0). From (3.34), the integral of df; around

this cycle is

+1
}[ oy =271~ (3.35)
70 p
hence L
?{ A = QWLZ.(:‘:LQ sin p — L¥ cos p) (3.36)
Y0 p
and we get

+1 +1
by a) = eXp%A(i) = cos <7rq ) + i(£og sin p — o3 cos p) sin <7rq> (3.37)
’ p p

In writing this, I have assumed that (L1, Lo, L) = 3(01,02,03) '° and used the formula

o) — Teosa + i(A-o)sina VA eR? with [A] =1. (3-38)
We see that, as expected, the holonomies in (3.37) are (conjugate to) rotations of angle QW%
with

e+l H) . (3.39)

(n+,n_):( 53

One should not worry too much about the fact that these are half-integer rather than integer;

this happens because A

decomposing a SO(4) connection through the splitting SO(4) = (SU(2) x SU(2))/Z? [4].

are not “proper” SU(2) connections themselves, but the result of

On-shell action. Knowing the holonomies of A®)

enables us to compute the on-shell
action of L(p,q) in the Chern-Simons formulation, as we will see next.
The tree-level partition function of dS3 quantum gravity on L(p, ¢) can be written in

terms of on-shell Chern-Simons actions as

0 0 . (0 - a(0) 4 (=
Zj(:()p’q) = exp (—I]E:Ii Eud.) = exp (ZS(O)> = exp (zSé§ [A)] + zSéS? [AC )]) ; (3.40)

10A factor of —i is probably missing here.
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where we have used that Ipy, guc. = —i/gn and the equivalence (3.24) (with 6 = 0).
The Chern-Simons invariant of a SU(2) gauge field A on a lens space L(p, q) has been

computed in the literature [10]. It is given as a function of the holonomy n of the field by

*

1 2 q 9
~ mdanda+iananal =L 3.41
87r2/ r{ N } o (3.41)

where ¢* € {1, ..., p— 1} is such that ¢*¢ = 1 (mod p). If we substitute this result into

(3.40), we find
(s (qy)z B (q;lﬂ} (3.42)

<27rk‘ *> (27Tk:>
—exp | ——qq* | =exp ( — | ,
p p

which matches the benchmark result of section 3.2.2.

2mi 2k
Z(LO) ) = exp [;Zq*(l/@rni — k_ng_)} = exp {Zq*

3.3 One-loop corrections

I would like to conclude with a brief report on the one-loop results from [4, §4]. I have
split the discussion in three parts: definition of the one-loop partition function as a ratio of
functional determinants —sec. 3.3.1—, computation of the determinants —sec. 3.3.2—, and
comparison with Chern-Simons formulation —sec. 3.3.3. The reader should not expect this
section to maintain the same level of detail as the rest of the essay; the aim here is rather
to provide a broad overview of the whole calculation. The computational load is further
alleviated by restricting some aspects of the analysis to the classical saddles M = S3 and
M = L(p,1).

3.3.1 Omne-loop partition function of Euclidean quantum gravity

Following [6], consider Euclidean gravity on a closed (compact and without boundary) space-
time of dimension three, M. The quantum theory is defined through the following functional

integral of the spacetime metric:
/ [Dg] e~*1xld1. (3.43)

Suppose that the only relevant contributions to this functional integral can be expressed as

small perturbations from a classical solution g°':

gw/(x) = gf}u(x) + huu(dj) ) ’h,uu‘ < ’gf}u . (3'44)
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We can then expand the action in a functional Taylor series about g°!:

0
ol
Iplg™ + h] = Iplg®) + /M & 745 £ bl
(17 g°

1 6%Ig (3.45)
+ = | Paddy —————| hu(2)he(y) + ...

20 Syt T S0 16050 ) o)
= IE[gd] + 82[]3 gl h2+... .

In this picture, the diffeomorphism invariance of the Einstein-Hilbert action translates

into the (infinitesimal) gauge symmetry
hyw = by + V() €€ X(M), (3.46)

where X(M) is the space of all vector fields on M. Field configurations related by a gauge
transformation describe equivalent physical settings, so in principle our functional integrals
should be defined over the space of orbits of metric perturbations under the action of X(M)
(2 infinitesimal diffeomorphisms). A celebrated alternative to deal with gauge symmetry
in functional integrals is the Faddeev-Popov procedure. In this procedure, gauge symmetry
is broken by adding a gauge-fixing term Igauge to the action, which takes the form of a
functional determinant. Now, this functional determinant can usually be rewritten in terms
of an action of some fictitious, fermionic fields, so the addition of Igauge can be compensated
by also including the action Igy,0s Of these “ghost” fields. In the present case, the ghost fields
take the form of a spin-1 field V), and its complex conjugate V7. All things considered, the

functional integral takes the form

/[Dh] e—IE[gcl""h} =N / DhDV DV* exp {— (IE[gcl + h] =+ Igauge[gcl, h] (3 47)

+Ighost [gcb V7 V*D} 3

where N is just a normalization factor.

One-loop Feynman diagrams correspond to terms quadratic (two vertices) in h,, and
4 h? as
g

well as the quadratic part of Igaugelg, h] + Ighost[9, V. V*]. A explicit computation of these

V., so the one-loop action will consist of what we had schematically denoted 0*Ig

contributions, which I will not perform here, would require decomposing the fields appearing

in the Lagrangian into

1

¢NV = huu - gg,uuhaa ’ ¢u = Vu» ¢ = haa . (3'48)
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Next, one would define the second-order differential operators (Lichnerowicz Laplacians)

A(L2§T;w =A@ Tw — 2Rupue T + Ry Ty + RypTyp T
ABET, = -8y Ty 4 B 349
LL
A(O)T = *A(O)Ta

where A(;) = VPV, is the usual Laplacian acting on fields of spin j. The one-loop Lagrangian
would then admit an expression in terms of these operators and the fields of (3.48). After
simplifying using the equations of motion R, = 2Ag,,, the one-loop partition function would
take the form of a product of Gaussian integrals over the fields ¢, ¢, and ¢, which can be
readily computed to yield [4]

det (AKE - 2R)

70) — o1 — .
[det (ALL - %R) det (ALL - %R)} i

(3.50)
@) (0)

As pointed out in [4], if all the differential operators appearing in (3.50) have a positive

definite spectrum, this expression simplifies to

det’ (_A(l) — 2)T

AO - / 7
det (—A(Q) + 2)TT

(3.51)

Here the prime symbol means that determinants are being computed only with respect to
positive eigenvalue subspaces. As for the subscript T' (T'T)), it indicates that we are considering
the transverse (transverse traceless) part of the corresponding operator.

Unfortunately, the assumption of positive-definiteness fails on the spherical 3-manifolds

that we have been studying in this essay: the “scalar” and “vector” operators

2 2
N SR and AGS - SR (3.52)

will have non-positive eigenvalues. Let’s study each of these separately.

The vector operator has no negative modes, but any Killing vector field will be a zero
mode. Indeed, derivatives of a Killing vector (KV) K” can be related to the Riemann tensor
by [3]

VuVoK? =R, K. (3.53)

Contracting this expression gives
V. VoK" = R;, K" . (3.54)
Because K" satisfies Killing’s equation V(, K,y = 0, this is the same as

A(ngKu = —vapKu + RMVKV = V'DvuKP + R,UVKV = ZRMVKV : (3.55)
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So, using that in three dimensions R, = 2Ag,, = %glw, we get
LL 2

as we wanted to prove.
The problem with these zero modes is actually deeper than just not being able to carry
out the simplification (3.51). In the Faddeev-Popov procedure, the gauge-fixing determinant

takes the form
Igauge[h] = / DES(RE — h), (3.57)
x(M)

where h is some fixed reference metric perturbation and hfw = izw + V) (cf. 3.46).
This supposes that the functional & +— h¢ intersects each orbit of the diffeomorphism group
exactly once. But this is clearly not true for £ equal to any KV K*; in this case we will
have hé = h regardless of our choice of reference metric. And KVs generate isometries of the
metric, which can be non-trivial elements of the diffeomorphism group, hence ignoring them
is not an option. Luckily, this problem has an easy solution: all the spacetime manifolds

under consideration have a compact isometry group, so we can simply replace
Igauge
Tsange — 5 (3.58)

where Vv denotes the volume of the isometry group and the factor of k has been included
to account for the normalization of the metric fluctuations.

Let’s now shift our attention to the scalar operator in (3.52). On a spherical 3-manifold,
the spectrum of this operator has at least one negative eigenvalue coming from the constant
mode. In addition, a slight generalization of the argument used to prove that KVs are
zero modes of the vector operator can be used to show that any conformal Killing vector
field!! (CKV) K* gives rise to a negative mode T = V,K®. Negative modes obstruct the
convergence of the path integral because they lead to Gaussian integrals with the wrong sign
in the exponential. Happily for us, lens spaces have no conformal Killing vectors, so we do
not need to worry about this issue.

We may then conclude that the one-loop partition function (“determinant”) of a gravi-

det’ (A — 2) 1
zW = p_ ) Dy = . .
\/det’ (—A@ +2)° kViey (3.59)

ton on L(p,q) is

3.3.2 Computation of the one-loop determinants

Our next task is to compute the one-loop determinants appearing in (3.59). We will use zeta

function regularization and heat kernel techniques for this.

HRecall that a CKV is a vector field K* that satisfies the conformal Killing equation, which in dimension
D takes the form

2
Viuky) = Bguvvpr =0.
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The functional determinant. The first question that we need to address is the definition
of the functional determinant. Consider a linear operator A with a positive definite spectrum
{\n} and corresponding degeneracies {d,}. If A acts on a finite-dimensional vector space,

the determinant of A is
det(A H Adn (3.60)

or

log det(A Zd log(A (3.61)

The operators appearing in (3.59) are defined over infinite-dimensional spaces. Equation
(3.61) might still serve as a heuristic definition of determinant in this case, but the right
hand side is now an infinite series that will, in general, diverge. To regulate this sum, we

define the zeta function (5 : C — C as
dn
= — 3.62
5 (3.62)

in the domain of convergence of the sum —typically for positive and large enough s—, and as
the analytic continuation of the sum elsewhere. In finite dimension, the domain of convergence

of the sum is the entire complex plane, so we have
—> dylog(An) = —logdet(A). (3.63)
Thus, a sensible definition for the functional determinant of a linear operator A is
log det(A) :== ——(x(0). (3.64)

Heat kernels. The problem of computing the one-loop determinants hence reduces to
finding a suitable zeta function for each operator in (3.59). This is where heat kernels come

in handy. Suppose that positive definite part of the spectrum of A(j) = —A(j) is given by
Ay (@) = X (), (3.65)

where AY) > 0 and {1#,(3 )} form an orthonormal basis. The heat kernel of A;y is
K9 (z,y;t) == (y|e"20)|z) = Z¢ ) (z (y)* et (3.66)

As its name suggests, the heat kernel obeys the heat equation:

(0 — ALKV (2, y:t) = 0. (3.67)
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Integrating over space and using the orthonormality of {ng )}, we get
) ) . )
KU(t) = /d3x\/§K(J)(x,a:;t) = Zd;J)e—W ¢ (3.68)

where dg,,j ) denotes the degeneracy of the eigenvalue /\g ). Observe that this function encodes
all the information about the spectrum of A(j) that we need to define ¢ Ay To write ¢ Ay =

((j) in terms of K (4), first notice that, for sufficiently large s > 0,

APys
(i) (3.69)
1 & -
— (s :/ LK)
() (s) ) s (t)
By uniqueness of analytic continuation,
_ L [T

on all of C.
We can use this zeta function to get a simple expression for the one-loop determinants of
(3.59) in terms of the (integrated) heat kernels K (t). Applying the zeta-regulated definition

of functional determinant (3.64):

d 1 o0 S— y —m2
log [det’(—A +mj2)] = (F(S)/O LK (t)e Jt) » (3.71)
Hence we arrive at
AD 1 1
log D=3 log [det/(—A(g) + 2)] + 3 log [det’(—A(l) — 2)]
L4 - e (3.72)
2 ds (F(s) /0 (t)e L'(s) Jo e s=0

This is great news, because the heat kernels K (t) for the lens spaces have been

explicitly computed by [8]. For example, for the 3-sphere:

KO = (2=3650) 3 (n2—j2)e 1, (3.73)
n=j+1
where
EW =n?—j—-1. (3.74)

Recall that these kernels are of the form (3.68), so we may directly read AY) and @) from
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the expression above. The unregulated one-loop partition function for the sphere then is

O
tog 12753 == _[(n* = 9log(n® —1) = (n* — 1) log(n* — 4)] . (3.75)
m 3

According to (3.62), the corresponding zeta function is constructed as the analytic continu-

ation of

1 1 . n?2—4 < on?2-1
Cs3(s) = —§C(2)(3) + §C(1)(3) = - Z 2 = 1) + Z Wz (3.76)

n=3 n=3
but, noticing that log(n? —1) = log(n+1)+log(n—1) and log(n? —4) = log(n—2) +log(n+2)
in (3.75), we can replace this sum by the more elegant

> n?—4 n? —4 > n?—1 n?—1
ng(s)=—2<(n+1)s+ (n_1)8> +Z<(n+2)s + (n_2)5> . (3.77)

n=3 n=3

Dropping terms independent of s, the analytic continuation of this new sum is

2 3

Coa(s) =12¢(s) — 7 (3.78)

where (¢ is the Riemann zeta function. The derivative of the Riemann zeta function has a

well-known value at s = 0:

d 1
%C(O) =-3 log(27). (3.79)
With this'?,
AS 6 6
log DSB = —%CSB(O) = log % = Zé? = Dzm%. (3.80)

Similar considerations would lead us to the zeta function and regulated one-loop deter-
minants for the lens spaces L(p,q). As an example, let me just cite here the results of [4] for

the case ¢ =1 (mod p). For p > 2, the zeta function takes the form

_ 2 2 P\ S _ 2 1
Cpy(s) =27 [c <p> +¢ (p) -(-%) ] 8T~ — 5y (38D)
where ((s,a) is the Hurwitz zeta function. This gives a regulated one-loop contribution of
(1) ot 9 (2T
Zi = Dem—psin® (| — |, p>2. (3.82)
p p

The special case p = 2 has to be treated separately. In this case, the zeta function is given

by
3 2

12
Co,1)(s) = 5% C(s) — ARk TE (3.83)

12T was able to reproduce (3.78) by myself, but not (3.80). T get the wrong powers of 2.
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and the partition function is

P

o _
Z(2,1) = Dzm? . (3.84)
Zero modes. The last step of the computation is figuring out the prefactor D,,, that we
had introduced to account for zero modes of the vector operator in (3.50). Recall that these
modes were essentially the Killing vectors of the geometry under consideration, and that they

had a net effect of multiplication by

1
C EVkv

D.m (3.85)

Here Vv is the volume of the isometry group, of which the Killing vectors are infinitesimal

generators. For a spherical 3-manifold S3/T,

972 ni/2
Vicy o (Vol(§3/1))"</* = (|17i|> : (3.86)
where ng is the number of Killing vectors of the geometry'?. The 3-sphere, for example, has
nk = 6, as can be deduced from (3.73).

After multiplication by D,,,, the one-loop partition functions computed in (3.80), (3.82)
and (3.84) become [4]:

3
Ln_ ™
2
S T 5. 3.88
(p1) — 2kp2 S A p=>2z; (3.88)
2 T 3.89
(21) 7 9l1f - (3.89)

For completeness, the one-loop determinant for a lens space L(p, q) with ¢ # 1 (mod p) can

also be computed by this method, and is [4]

zW :2—7r cos n — cos g cos 2 — Cos 21 . (3.90)
(p7q) kp P P p p

Remark. In the above discussion we have only included isometries connected to the identity.

Discrete isometries not connected to the identity contribute with (at most) an additional

factor of four [4].

3.3.3 Comparison with Chern-Simons

In section 3.2.3 we argued that the Chern-Simons/gravity correspondence takes a lens space
spacetime L(p, q) to a pair of flat SU(2) connections over L(p,q). A flat SU(2) connection

over L(p,q) is characterized by a (half-)integer n that gives the holonomy of the connection

13The authors of [4] claim equality in this expression; however, their later results do not correspond to just
dividing by k times this factor.
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around the non-contractible cycle of the lens space. In the large k limit, the contribution to

the SU(2) Chern-Simons partition function of one such connection is [10, 4]

2 & qn n
Jog &1 exp <2m’kzi ) sin (27r ) sin <27r> . 3.91
kesp ; p p (395

The joint large-k partition function of the two connections can be constructed by applying

q* n2
p

the expression above to the Chern-Simons action (3.22). The contribution of the connections
(AH), A)) with holonomies (3.37) to this partition function is then seen to be:

Zipg) = 2]11962”’“/1’ {cos <2;T> — cos (2;(1)] [cos (2;) — Cos (27;q )} (3.92)

Taking the large k limit kills all corrections at order two-loops or higher, so the result can

be interpreted as the tree and one-loop level contributions of the L(p,q) connections to the
action, i.e.,

Zipg) = exp(—kS® + W) (3.93)

Up to numerical factors that are independent of p and ¢, equation (3.92) agrees with the
metric formulation results —cf. (3.17) and (3.90). This remarkable convergence of results
confirms that, at least up to one-loop level, the Chern-Simons formulation of 3d general

relativity can be leveraged to a legitimate definition of perturbative quantum gravity.
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4 Conclusion

One of the barriers that we find in our quest for a theory of quantum gravity is that we
only have a partial understanding of the role of spacetime topology. Due to the emphasis
that standard general relativity places on the metric degrees of freedom, this issue may
have not received the attention that it deserves. This essay has tried to shed some light on
this question by studying the Chern-Simons formulation of three-dimensional gravity. In a
nutshell, this formulation uses a purely topological description of Einstein’s theory to provide
a perturbative definition of quantum gravity.

As I tried to convey at the beginning of section 2, the role of spacetime topology is
specially clear in dimension three due to the absence of propagating degrees of freedom.
Indeed, in three dimensions, the first-order Einstein-Hilbert action happens to be equivalent
to the action functional of a Chern-Simons theory, which is a topological theory. The first
part of the essay was devoted to developing and studying this classical-level correspondence.
A key observation was that the gauge group of the Chern-Simons theory could be taken to be
the isometry group of the maximally symmetric solution of the gravity action. In particular,
the gauge group depended on whether we considered a negative, zero or positive cosmological
constant in the Einstein-Hilbert action. For zero cosmological constant, the gauge group was
simply the Poincaré group ISO(2,1). For cosmological constant A # 0, a clearer picture was
obtained by splitting the algebra of the isometry group into sl(2,R) x sl(2,R), for A < 0, or
(su(2) x su(2))c, for A > 0 —note the further complexification in the A > 0 case. In either
case, our analysis drew a connection between the equations of motion and symmetries of the
two theories. As one would expect, the gauge transformations of the Chern-Simons theory
are related to infinitesimal diffeomorphisms on the gravity side.

Chern-Simons theories have a relatively straightforward quantization. It is therefore
natural to wonder if the Chern-Simons formulation of three-dimensional gravity can be used
to give a definition of quantum gravity, at least at the perturbative level. The objective
of the second part of the essay —section 3— was to test this hypothesis in the context of
dS; quantum gravity. We started by expressing the Euclidean path integral of dSs gravity
as a sum of functional Taylor series about different classical solutions of the equations of
motion (“sum over geometries”). We were able to identify all possible solutions: they are of
the form S3/T" with T' a discrete, freely acting subgroup of SO(4), and go under the name
of spherical 3-manifolds. Not all of these solutions contribute to the path integral, so we
decided to focus on a subset whose inclusion can be motivated on physical grounds: the lens
spaces L(p,q) = S®/ZP. By a direct gravity computation, the tree-level contribution of these
geometries to the partition function was shown to be
240 o = (4.1)
This result was then reproduced using Chern-Simons methods. The identification of the

classical saddles and computation of tree-level contributions was done in section 3.2. For the
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next and final section, we extended the analysis to the one-loop level, although restricting
part of the discussion to just $® and L(p,1). Here we began by applying the Faddeev-Popov
procedure to cast the one-loop partition function as a ratio of functional determinants. These
determinants were then computed and regulated using heat kernel techniques. We finished by
comparing our results to Chern-Simons analogues in the literature, finding total agreement
between the two formulations. We may therefore conclude that the Chern-Simons formulation
of three-dimensional gravity gives a definition of quantum gravity that is valid at least up to

the one-loop level in perturbation theory.
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