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Magic Squares of order 4 X 4

SALEEM AL-ASHHAB, Department of Mathematics, University of Hafr Al
Batin, Saudi Arabia
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Abstract
In this paper we will study the properties of magic squares of type 4 X 4

. We mathematically compute the eigenvalues and the characteristic polynomial
of special matrices of order 4. We used computer programs to calculate and
classify squares.

Keywords: magic squares, eigenvalues, characteristic polynomial.

1-1: Introduction:

The history of magic squares dates back to about 2200 B.C, and to China in
particular, and the first scientific research was conducted on magic squares in
1420 by a Greek priest, then Muslim scientists researched these squares, as well
as famous mathematicians such as Euler and Fermat, and the study of magic
squares focused on the beginning is on the issue of existence, then expanded to
include numbers and methods of calculating them,

The magic squares are square arranged tables formed of different elements,
characterized by that the sum of the elements in any row, column or main
diameter is equal to a fixed amount called the magic constant [1], and the magic
squares were treated as matrices when studied [2], and accordingly their
properties were studied Algebraic classification and enumeration, but studies in
this field were limited to types 3,4,5 [3-5].

We will also deal with the problem of magic squares. A semi magic square is a
matrix that has the same sum, called the magic constant, of all its entries in every
column and every row. We call a semi magic square if both main diagonals sum
up to the magic constant. A natural magic square of order n is a matrix of size n
by n that has its entries consist of all integers from one to n>. The magic constant

in cases like this is:2(z’ +1 Our research has focused on two new classes of
2

magic squares that have new properties. Where we found the general form of the

case of magic square 4 and we count this type of squares and classified them into
two types: singular squares and non-singular squares.
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We designed several algorithms, through which we classified the squares, and
studied the algebraic properties through the eigenvalues of this type of squares,
and we linked this class to a set of files, to facilitate the calculations and save
time.

The combinations which appear in the columns, rows, and both diagonals of
this square are the only distinct three element mixture of the numbers from 1 to 9
that sum up to the value of 15. A self-complementary magic square is a natural
magic square of order n such that the sum of both elements of each couple of dual
(opposite entries) is usually equal to,> +1.. For the magic matrix of order 4, we
calculated the characteristic polynomial to be:

(A — magic constant)(A3+a2A%2+bA +c¢)
In the proof, we relied on the theories and methods of linear algebra, and
computer programs specially designed for matrix calculations
2-1: Basic Concepts:
Definition (2-1-1) (Classical) magic square [6]:

It is the square in which numbers are used. In this case, the magic constant of
n(n® +1)

2
Definition (2-1-2) Apandiagonal magic squareis a magic square such that the
sum of all entries in all bent-diagonals equals the magic constant. A symmetric
magic square is a natural magic square of order n such that the sum of all opposite
entries equals n + 1;[7].

Definition (2-1-3) A semi magic squareis a set of n°(n> 2) integer numbers
arranged in the form of an n by n array whose rows and columns sum equals the

the square is: S =

magic constant.

2-2: Classical transformations: They are eight transformations that preserve the
type of all squares:

-Rotation by angles,

-Reflection around the right major diagonal, and reflection around the left major
diagonal.

-Reflection around the middle line (the separator between the middle rows or
columns).

2-3: The linear system of a magic square of type 4.

Assuming that the matrix related to magic square A. Then magic squares 4 are
squares whose elements satisfy the following equations 1, 2, 3:
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4
1- rows equations D a,

=

S, j=1..4

a,=S8,i=1..4

i=1
q
1

2- columns equations
j=
4 4
3- Equations of major diagonals > a, = a,, ., =S, i=1..4

i=1 i=1

3-1: The pandiagonal magic square
We constructfirstly a pandiagonal magic square.

A

b
f
]

y

|~ =

N >l | O

E
I
L

Table 1 square 4 X 4

We consider a generaltable like the Table (1): From the definition of the
diagonal magic square, we have the following linear system:

a=4s-b-c—-d
b=4s—-f-j-y
c=4s—-g—x-z
d=4s—g—j-1
e=4s—-f-g—-h
f=4s—a—-x-w
g=4s—-b—-k-1

h=4s-d-k-w
i=4s—c—f-w
j=4s—1—-x-k
k=4s—z—-e-Db
l=4s—-y—-z—-w
Substituting in the previous equations, we have:
a=—8s+f+2g+2j+x+1+y+z
f=6s—g—j—x—"l-Yhy-Yrz—"rw
g=3s—lax—-"k-%l+Vay-Yaz—"Yaw
h=3s+j-Y%x-%k+Yl+Y%y—Yiz—S/4w
i=j+x-k-l+y+z-w
j=4s—x+nl-y-thz+rw
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k=4s—-x—-z-w
l=4s-y—-z—-w
By inverse substitution of the previous equations, we have:
l=4s—-y—-z—w
k=4s—-x—-z-w
j=4s—-x-y—-z
i=-4s+x+y+2z+w

h=2s-y
g=-2sty+tz+w
f=2s—w
e=2s—z

d=-2s+x+ty+z
c=6s—xXx—-y—2z-W
b=-2s+x+z+w

a=2s—x
We reached the following form:
Tabl
e 2 |2s-x -2stx+z+w 6s-x-y-2Z-w -2stx+tyt+z
A 2s-z 2s-w -2stytz+w 2s-y
-“Astx+y+2z+w 4s-X-y-z X 4s-X-2-W
pan
. 4s-y-z-w y z w
diag

onalmagic square.

We note from Table (2) that:

1. The sum of any rows, columns, principal diagonals, right spanning diagonals,
and left spanning diagonals is 4s.

2. We have 4 free variables that are x, y, z, w.

3-2: counting of 4x4 magicsquares

X |o|lo |
<|o|=|w
SIEIRE
SIEES

we have the following linear system of 10 equations (4 rows, 4 columns and 2
diagonals)
atb+c+d =34
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e+f +g+h =34
ptq+r +s =34
x+ty+z +w =34
atetp +x =34
b+f+q +y =34
ctg+r +z =34
d+h+s+w =34
a+f +r+w =34
d+g+q+x =34
The solution of this linear system is (using backwards Gaussian

elimination)
a=il
b=12
c=13
d=-i1-i2-13+34
e=14
f=1i5
g=16
h=-14-15-16+34
p=17

q=2il +i2+i3 +i4-i6 +1i7 - 34
r=-2il-i2-i3-14-i5-17 + 68
s=15+16-1i7

x=-1l-14-17+ 34
y=-2il-2i2-i3-i4-i5+16-17 + 68
z=2il +i2 +i4+i5-16 +i7 - 34
w=il +i2+i3+i4+1i7 - 34

(i1, ..., 17 are parameters).

It 1s remarkable that in the cases of 3x3 and 4x4 squares we start with an
augmented matrix, which contains only integral entries, and get a matrix in the
row-reduced echelon form, which contains also only integral entries. This means
that the pivot elements of the augmented matrix are always 1.

The computer program chooses all possible integral values from 1 to 16 for
the parameters il, ..., 17 and substitutes in the solution equations to obtain values
for the entries of the 4x4 square. Since the entries will be always integers, the
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computer rejects all possibilities where two entries are equal or where the value of
the entry lies beyond the interval [1, 16].
In this manner the computer counts and lists all possible magic 4x4 squares.

The computer found 7040 magic squares amongst the 16!(5 2,1.1013) possible

arrangements of 16 numbers in a 4x4 square. In accordance with the theory, the
computer found 8 magic squares from the 9! = 362880 possible arrangements of 9
numbers in a 3x3 square. In the latter case the computer makes 9° = 81 loops to

obtain the result. In the case of 4x4 square the computer makes 16’ =2,7.10°

loops. It is expected that we get in general 2n + 1 linear independent relations for
the magic nxn square, which give a solution in terms of a=n#-2n-1 parameters.

Therefore, we need a program with n** loops to solve this general problem.
The computation is based on the choice of a value for p (= 17) and then the
determination of the other entries in a magic square. We obtain the following list:

number of magic squares
464
480
476
404
448
424
420
404
404
420
424
448
404
14 476
15 480
16 464

It is notable that there is a certain symmetry between the values from 1 to 8
and from 9 to 16; for example, p =1, p =16 and p = 2, p = 15 have the same
number of magic squares. All the values are over 400 and are divisible by 4. It is
remarkable that the number of magic squares for p = 4, 8, 9, 13 is the same
number. This symmetry comes from the fact that a magic square is invariant with
respect to some rotations and reflections.

o

O 0 3 N i A W N —

—_
—_ O

—_—
[SSIN S
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It was not necessarily in the program to set the condition that no entry from
aj, ..., a1 1s greater than 16. The computations without this condition give the
same number of magic squares. This proves the mathematical fact that whenever
all entries, which satisfy the solution equations are positive, these entries do not
exceed 16.

For a 4x4 square as for a 3x3 square, there are according to the algebra 7
transformations of the square which preserve the value of the summation of the
row elements, column elements and diagonal elements; i.e., 8 squares are
isomorphic. These transformations are the 3 rotations and 4 reflections, where we
have in the case of a 4x4 square a middle point instead of a middle entry.
Therefore, we have 880 different (up to isomorphism) 4x4 magic squares.

We can with the aid of the computer produce and study the properties of the
magic squares. For example, amongst the 7040 magic squares we have the
following table
number of magic squares

296

344

360

280

344

328

328

280

280

328

328

344

280

360

344
16 296

for the magic squares such that their determinant equals zero. It is remarkable
that all these numbers yield to an odd number when divided by 8. If we look for
the number of “chess squares”; i.e., the squares of the structure

o

O 0 9 N i AW N~

,_.,_.
—_ O

—_— = =
[V, I NS I NS}

e 0] E 0
o} E O e
e 0] E 0
0 E 0] e
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o|mo|m
o|lo|ao|o
olo|o|o

where the symbol e (o) states for even (odd) number, we find that their number
is 44 (up to isomorphism).
3-3: Classficationln this section, we consider many concepts in magic squares.
we particularly look at various magic squares of sizes: 4 by 4, which is used in
designing a cryptographic technique in section F. Magic square 4 by 4
It is well known that the magic constant is definitely an eigenvalue since one of
the corresponding eigenvectors has all ones. Hence, any 4 by 4 semi magic square
gets the characteristic polynomial in the form:

(A — magic constant)( A3 + aA® + bA + ¢)

The determinant of the pandiagonal magic square 4 by 4 is zero...Generally,

thepandiagonal magic square of size 4 by 4 has the structureshownin Table 3.

A B C 2s—-B-C-A
E 2s-B-A-E | A+ E-C | B+C-E

s—C A+B+C-s |s—A s—-B
C+s—A-E |s—C-B+E |s—-E A+B+E—s

Table 3 A symbolic pandiagonal square
The characteristic polynomialof the magic square was calculated using Maple

software to be:

A(A—25)(A%+40) (eq.l)

Were O =C*—-A?-s?>—-AE—-2BE—CE—AB+BC+
s(2E+2A+B-0)

We can see that the characteristic polynomial has two missing coefficients (a
and c) and can be rewritten as:

(A —2s)(A3 +402).

Mathematically, we can obtainthecharacteristic polynomial in eq.1 using the
trace eigenvaluetheoremwhich postulates that the sum of the eigenvalues is the
trace (in this case 2s). We can also conclude that both eigenvalues must be
conjugates since the magic square has 2s as eigenvalues, and it has been proven
that its determinant is zero (0 is the second eigenvalue).
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In general, semi pandiagonal magic squares with magic constant 2s has six
independent variables in addition to the s value. Therefore, thesquarematrix can
be written in the form shown in Table 4.

2s—t-m-z | F D z—d+t+m—f

Z t+m-f 2s2t—-m+f—z+d-g | g—d+t

M G z—d+t 2s—g—t-m-z+d
T 2s—t-m—g | g+t+m—f-d d—t+f

Table 4 A semi pandiagonal magic square

Furthermore, we calculatedthe semi pandiagonalmagic square using Maple
software; it has the characteristic polynomial in the form:
(A — 2s)(A3 + bA + ¢). Table5 shows an example of a semi pandiagonalmagic
square with two independent variables. The characteristic polynomial was
calculated as:
(A — 2s)(A*—(14f + 10s — 2fs + f> — 15) A — 2M)
were
M = 2f2 — f%s + 2fs? — 14fs + 26f +
4s® — 34s* + 79s — 36.

2s-3 | f 4 —f-1
2 1-f | f+2s4 |1

1 5 -2 2s—4
0 256 | 2 f+4

Table 5 A special semi pandiagonal magic square

In general, there is a total of 7040 natural 4 x 4 squares. All pandiagonal and
semi pandiagonal squares have zero determinant and their algebraic multiplicity
of the zero eigenvalue is less than three. The number of regular natural 4 x 4
squares is 1920. If we let d denote the value of the nonzero determinant then we
can summarize the structure of thecharacteristic polynomial of the squares as

given in Tableb6.
characteristic polynomial Number of squares
px) =x*-34x3 —fx> +bx—d 1920
p(x) = A(A —34)(A — ci)(A + ci), 4928
px)=AA-34)A—-c)(A+0c)
p(x) =231 —-34) 192
Total 7040

R
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Table 6 Summary of the genral form of the characteristic polynomial and their
related number of squares

3-4: CONCLUSION:

We have found the general shape of a diagonal magic square of type 4, and we
have also designed a program to calculate the number and classify magic squares
of type 4. We have also found shapes for cases of types of squares, including
magicandsemi pandiagonal magic. We have also determined the general shape of
the polynomial characteristic of each of the classifications.
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The effects of Roman intervention on North Africa during the second
century BC.
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Summary:

Roman politics, especially during the second century BC, was characterized by
focusing on the lands of North Africa as a new vital area for the interests of the
Roman state at the time, as the region witnessed direct and indirect Roman
interventions in order to change the existing political situation for the benefit of

Rome primarily, in order to achieve Objectives of expansion, dominance and
influence.

This research focuses on the motives of the Roman intervention in the lands of
North Africa, and its impact on the local tribes present there, as well as the
consequences of that intervention and the position of the local leaders on the
increasing Roman penetration in the region.

Keywords: intervention, Rome, tribes, conflict, Africa.
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Abstract
The study aimed to introduce the concept of Electronic Management, and
the requirements for their application in university libraries. The study also
examined the objectives, benefits and advantages of the Electronic Management.
The study highlighted the obstacles of applying electronic management at the
university libraries, which are represented in (regulatory, technical, human and
financial obstacles). The study concluded with a number of recommendations that
would contribute to providing the requirements of electronic administration and
solving its problems.
Key words: - Traditional management - Electronic Management - Application
requirements - Obstacles and Challenges
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The effect of ascites on rainfall Tarhuna region as model
Abstract:
The research aims to know the effect of dropsy on rainfall by identifying the
Quranic verses and hadiths of the Prophet that include references to its effect, and
analyzing the questions of the questionnaire and the amounts of rain for the
Tarhuna region, to be overlooked as an influencing factor in precipitation, And
the relationship between ascites and rain.
The researcher followed the inferential approach and the exploratory approach in
addition to the statistical approach. The ascites questionnaire was distributed in
the region and compared to the seasonal and annual amounts of rain that fell in
Tarhuna station for several years.
Keywords: dropsy, drought. Rains, Tarhuna
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